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l �}&p_e���k�}���}_�v�~e
m1

eF`
m2 � kae�b#sv��eF{,`vs~����^a`~�������Ae���ka^�}�^���]rd�����]rdr`c�~}_d��O�qs~]_`�`~e��ge�d�`�e�`�kle����g]_b#pre��ge�d�`���~]_d�`C��]_djthd#����i#}_d��Rb#d�f#kl}_d��C��e��R��}_�v�~e��C��]rd�`C�~]_b#�g^�� � k�}O�q]_s��Fe�ijeLu_s�}&p�^a`~�cnqpre�s��Akle�m�}_��i�}�d��Rk�}Othu_b#sve�yF�

wr�I�O����]rd�`~sve�s���b#e��Fe����j��`~���ge�fh]��~�~��ije�ije�b#{�i#e�u_sv���Lije�ka^lmhe�s�`v�_����d����#]r^l�~^lsv}
θ1

eF`
θ2

nqkle���}�d�u_kle���i#e����}_��b#e�m�}�svsve�}&pre���kl}�pre�s~`~^���}�kle�y��F]r�g��e�kle���i#e�u_sv����ije�kl^lmhe�s�`v�Eije��FeE�~�,��`~���ge_�
� �����Fsv^asve�kle�k�}�ursv}_d#u_^le�d�e�d��q]_dh��`~^l]_d�ije���e��Cije�bj{�p&}_s~^�}�m�kae�� � e�d?ij��ijb�^asve�kle��T����b�}�`~^l]_d��Rijb?��]rb#p_e��ge�d�`nq����b�}�`~^l]_doi�� ��b#kle�s��,�A}_u_s�}�d#ure�yF�
  ����d¡��� ^ldr`ve�sve��v��eG}�b¢s~��u_^l��eGije���]��~��^aklkl}�`~^l]_d���ijex�V}�^lm#kleG}_��f�ka^a`~b�i#e �O£V¤¦¥�¤ θ1, θ2 � 1

�§�A^ad���}�sv^���e�skae�������b�}¨`v^a]rd���ijbo�g]_b#pre��ge�d�`©nªije�pre�kl]_f#f/e�s�kle��Ii#^apre�s����q]rd���`v^a]rd���e�`Id#e�ur}_svije�s��rb�e�kae���`~e�s~�ge���i#eije�urs~����w�}_bxf#klb��Oy � eF`I]rmj`~e�d#^ls�b#d«���j��`~���ge�ij^a¬/��s~e�d�`~^le�klkaeEijbGu_e�d#sve
A1θ̈1 + B1θ̈2 = C1θ1 + D1θ2

n<w&y
A2θ̈1 + B2θ̈2 = C2θ1 + D2θ2

n � y
]_

Ai, ..Di

��]rd�`�ije����F]rd���`v}�d�`ve��I��b�� ^akT�V}�b#`�eF{jf#kl^��F^a`~e�s�e�d«�q]rd���`v^a]rd|ije��I��}_�v��e�� � ije���kl]_d#urb#e�b#s���e�`ije
g
�Inª®I]�`ve_z���e�s~`v}�^ld���ije���e����F],e��V��fhe�b#p_e�d�`�¯�`~sve�d,b#k�yF�

° ��±�b#e�klkae�����b�}¨`v^a]rd¡ij]r^²`g�~}�`~^��<�V}_^asve
ω
f/]_b#sg��b#e

θ1 = K1e
iωt � θ2 = K2e

iωt
nV]_

K1, K2

��]rd�`?ije���F]_dh�<`�}�d�`~e��vyA��]r^²`Cb#d#e��~]_klbj`~^l]_d?u_��d���s�}�kle�ije��T����b�}¨`v^a]rd���n�w � � yR³x��d�ij��ijb�^asve�kle��T�qsv����b#e�d��Fe��Tf�s~]rf#s~e��i�� ]��~��^aklk�}¨`~^l]_dGijeE�Fe��~�j�<`v���ge_�
´ ��µ�]_d��~^li#��sve�s�kle�����}r��kl^a�g^a`~e��

m1 � m2

e�`
m1 � m2

e�`Lij^��v�Fbj`ve�s�kl}©f#k�}�b��~^am�^akl^²`v��ije��Ls~����b#ka`v}�`v�Li#}�dh��Fe�����}_���
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m1

eF`
m2

��b#^�^ld�`~e�s�}�ur^l�v�~e�d�`�p,^�}b#d#e�f/]�`ve�d�`~^le�klkleE�rb�^�d#eEije�f/e�dhiG��b#eEi#e�kle�b�sIij^l��`v}_d��Fe��?bj`~b�e�klkae�z
L = (m1/2)ṙ2

1
+ (m2/2)ṙ2

2
− U(‖r1 − r2‖)

È�`v^akl^���e�sRije�bj{�d#]_b�p_e�klkle���p¨}_s~^�}�m#kle��
rg = (m1r1+m2r2)/(m1+m2)

eF`
r = r1−r2

eF`T���Fsv^asve�kle�k�}�ursv}_d#u_^le�de�d:�q]rd���`v^a]rd§ijex��e��?ije�bj{:d#]rb#p_e�kakle���p¨}_s~^�}�m#kle����|±�b#e�klkle�p&}_s~^�}�m�kae�e��<`��F�j�Fkl^l��b#e � e�`���b#e�kakle�e���`©k�}«kl]_^�i#e�F]rd��~e�svp&}�`~^l]_dg��b#^#klb#^�e��<`�}r�~�~]j�F^l��eI³x��d�ij��ijb#^ls~e�kle�������b�}¨`v^a]rd���ijbg�g]_b�p_e��ge�dr`�f/]_b�s�kae���ije�bj{?d�]_b#pre�klkae��p¨}�sv^l}_m#kle����©nV®O]�`~eGz�d#e?f�}_��]_b#m�ka^le�s��rb�e©kle���ij^apre�s��
r

�~]_d�`�ije��Opre��F`~e�b�sv���OÉC]_b�sOf#klb���ije©�V}r�F^lka^a`~� � ��^R^akRkle�V}�b#` � ��]_d��~^li#e�sve�s�kaecf#sv]_m�ka����e � ije�bj{xij^l�ge�d��~^l]_d�� � eF`Iur��d#��sv}_ka^���e�s �   i�y��
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L(ẋ, x) = −m0c
2
√

1 − (ẋ/c)2

±�b#e�p¨}�b#`Ekae��g]r��e�d�`©}_�v��]j�F^l� � x
³Ó±�b�e�p&}_bj`©kÔ� Õ�}��g^lk²`v]_d#^le�d§³Ö±�b#e�p¨}�bj`©kÔ� ��d#e�s~ur^ae�i#}_d���k�}xkl^l��^a`~e

ẋ � c
³
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nVmh]rb#u_e�}�d�`©i#}_d���kle�f#kl}_d
xy
y

U(x, y)
`ve�kA��b#e

U(x) = U1

�~^
x < 0
eF`

U(x) = U2

��^
x ≥ 0
�Lµ�� e���` � i#^asveE��b#eEi#}�dh�I����}_��b#e��~]_b��e��~f�}r�Fe � kle©f/]�`ve�d�`~^le�kCe���`��F]_dh�<`�}�d�`���}�^����rbA� ^lkCp&}_s~^le©m�s~b��v��b#e��ge�dr`c}�b
fh}_�v�~}_u_e©ije x = 0

�©��d|��b�f#fh]���e��b#eGkl}�f�}_s�`v^l��b#kaeGp,^ae�d�`gije��
x < 0

}&p_e���b#d#eop,^a`~e��v�~e
v1

e��<`g�V}�^��v}�d�`?b#dÏ}�d�u_kle
θ1

}&p_e���kÔ� }�{,e
x
�5��d�~b#f#f/]r�~e?��b�� }�f#sv���Okae?f�}_�v�~}_u_e©i#e©k�}�ij^��~��]_d�`~^ld,b#^a`~� � k�}�p,^²`ve��v��e�ije©k�}�fh}�s~`~^��Fb#kle©e��<` v2

e�`c�~]_d�`�}_d#u_kle
θ2

���d�bj`v^akl^��~}_dr`�kae��V}_^²`���b#e
y
e���`�b#d�eIp¨}�sv^l}_m#kae����,��ka^���b#e � ij���g]rdr`vs~e�s���b#e v1 sin θ1 = v2 sin θ2

�C��d�b#`~^lka^��~}_d�`k�}���]_d��~e�svp¨}¨`v^a]rdxije�kÔ� ��d#e�svu_^le � i#���g]_d�`~sve�s�e�d���b�^²`veE�rb�e
sin θ1

sin θ2

=

√

1 −
∆U

T1]_
∆U = U2 − U1

eF`
T1

e��<`�kª� ��d#e�s~ur^aeE��^ad��F`~^���b#eEijeEk�}gf�}_s�`v^l��b#kaer�L��}�dh�I��b#e�klkae?�F]_dhij^²`v^a]rdokl}�fh}�s~`~^��Fb#kled#e�f/e�bj`Ifh}_�L�qs�}�d����#^ls�kl}�i#^l�v�F]rdr`v^ad,b#^a`~�ce�`Ie���`�sveFÙh�����#^le�nqb#dof/e�b«i�� }�d�}_ka]ru_^le�}&pre���kª� ]_fj`v^l��b#e&y�³
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