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ACBEDGF�HJILK2K>M�NOBLPGF�QSR�QTNOM�F'K2HJQUPVR�QOKVMWF�X2MYHJZ�F[BLNODT\JQUBEP]XTMWF'Z�^;I_\JQUBEPGF'XTQa`?Z�HJM�Pb\JQUM�NUNOM�F�ced�fgFih'NOQUP2ZWIjQOH[MWFkNOM�F'KGNUDGFF[QUl.K2NOM�F�m
npo�qErVs>teuwv x BLD2H"HJZ�F[BLDVXTH[MyD2P2Mzd�f{XTMzXTM�|LHJ}�F

n ~ QON���IjDT\&R�BLP2PVI5�S\[HJM n
R�BEPGXTQU\[QOBLPGF�QOP2QU\[QSIjNOM�F�mfyIjPGF'\JBLDT\YR�M&^bD2Q>F�D2QU\ ~ BLP�PGBj\[M�HJIyNSIz�_IjHJQOIL�2NOM"QUPGX2Z�K>M�PGX2ILPb\[M t ~ M�\�NSI��_IjHJQOIL�2NOMCXTZ�K>M�PGXGIjPb\[M x = x(t)

m� P�P2Bj\JM�HiI]NOM�F"X2Z�HJQU�EZ�M�F�XTM
x
KVIjH"HiIjK2K>BLH[\�ILD�\[M�l.KGF ~ F[BLQU\ dx/dt, d2x/dt2, ... ~ F[BLQU\ ẋ, ẍ, ...

�
ẋ = ax

� P�F�DGK2KVBbF�M
a
D2P2M�R�BLPGF�\JIjPb\JM�PGM#XTZ�K>M�PGXGIjPb\(KGILF�XTD$\[M�l.KGF�m � P$K>M�DT\��EZ�HJQa�VM�H ~ KGIjH(X2Z�HJQU�_I_\JQUBEP ~ ^bD2M

x = Ceat MWF�\�F�BENUDT\JQUBEPwXTM]N�� Z�^bDGIj\[QOBLPwR�Qa��XTM�FJF[DGF�m C
M�F�\gD2PGM]R�BEPGF�\JIjPb\JM�^bD2M�NSR�BEPG^bD2MLm x BED2H�XTM�\JM�HJl�QOP2M�H

C ~ PGBLDGF�I5�LBEPGFy�VMWF�BEQUP�X�� D2P2M�R�BEPGXTQU\[QOBLP$QUPGQa\JQOILNUM ~ KGILHyM��TM�l.K2NOM.R�BLP2PVI5�S\[HJM]NSI��5ILNUM�D2H(XTM x � D2P$\[M�l.KGFXTBEP2P2Z
t0
m��&NUBEHJF ~ C = x(t0)e

−at0
m��� Z�^bDGIj\[QOBLP�R�QU��XTMWF[F[DGF�MWF�\&XTQU\[Mz�GBLl.BL|E}�P2MEm

� sV����v �kI�F[BLNODT\JQUBEP�R�Qa��XTMWF[F[DGF"MWF�\C�_IjNSIj�GNUM(^bD2M
x
M�\

a
F[BLQOM�Pb\CHJZ�M�NSF"BE��R�BLl.K2NOM��TM�F�m� �MWR�Q¡MWF�\g�5ILNOIL�2NOMK>BLD2H�\JBLDT\&R�M�^bD2Q-F�D2QU\�m

¢
ẋ = ax + b

 �M�\[\[MzZW^EDVI_\[QOBLP£M�F�\&XTQU\[M�QUPG�2BLl.BL|E}�P2MEm�¤;Q�BLP�R�BEP2PGIjQU\"D2P2M(F[BLNODT\[QOBLP£KGIjH[\[QSR�DGNUQO}�HJMzXTMzR�M�\[\[MzZW^EDVI_\[QOBLP ~ BEPK>M�DT\"BL�2\[M�PGQUH�NSI]F[BLNODT\[QOBLP£|LZ�P2Z�HiIjN'c'R�M�R�Q�M�F�\Y�;HiIjQ?K>BLD2H�NOM�FYd�f¥NOQUPGZ�IjQOHJMgXTM�P¡� QUl.K>BLH[\[M�^bD2M�N¡XTM�|LHJZ�Fih,m � PK>M�DT\C�EM�HJQa�GM�H"^EDGM
xp = Cte = −b/a

F[Ij\[QSF���ILQa\CN¦� d�f�mG�-I.F�BENUDT\JQUBEP£|EZ�P2Z�HJILNUMyM�F�\&XTBEP2P2Z�M�KGILH
x(t) = Ceat + xp = Ceat − b/a

§
ẋ = a(t) x

 �M�\[\[M]�eBLQSF ~ NOM�R�B;M�¨#R�QOM�Pb\yX2M x
XTZ�K>M�PVX	M��TK2NOQSR�QU\[M�l.M�PE\zXTD�\JM�l.KGF�m x IjH&M��TM�l.K2NOM]N¦� ZW^bDGI_\JQUBEP

ẋ = t x
MWF�\D2P2M]Z�^bDGIj\[QOBLP	XTM�R�M�|EM�P2HJMLmy¤;D2K2K>BEF[BLPGFy^bD2M

A(t)
MWF�\yD2P2M]K2H[QOl.Qa\JQU�EM]XTM

a(t) ~ Rj� M�F�\ � XTQOH[M a = dA/dt
m�CNOBLHiF ~ KGIjHCXTZ�H[QO�_I_\JQUBEP ~ BLP�KVM�DT\C�LZ�H[QU�GM�H�^bD2M

x = CeA(t)

M�F�\CNSI�F[BLNODT\JQUBEP£|EZ�P2Z�HJILNUM�XTMzN¦� d�f]m

©
ẋ = a(t) x + b(t)

 �M�\[\[M��eBLQSF
a
M�\

b
XTZ�K>M�PGX2M�Pb\&\JBLDGFgNUMWF&XTM�DT�	XTD�\JM�l.KGF�mg�kI�F�MWR,\[QOBLPwK2H[ZWR�ZWXTM�Pb\[M�P2BLDGF&l.M�\yF[D2HgNOI�K2QOF�\[Mc�R�M�\[\[M(l.Z�\J�2BTXTM(XTMzHJZ�F[BLNODT\[QOBLP�F�� ILK2KVM�NUNOMzNSI]�_ILH[QSI_\JQUBEP�XTMWFCR�BEPGF�\JIjPb\JM�Fih&ª�Ri�2M�HiRi�2BLPVF�NSI�F[BLNODT\[QOBLP�F�BEDGF�NSI

«



�eBLHJl.MgXTM
x(t) = exp(A(t))u(t) ~ BL� � P2BLD2�EM�ILD A(t)

M�F�\�NOI�K2H[QOl.Qa\JQU�EMgXTM
a(t) ~ M�\ u(t)

M�F�\�D2P2Mg�eBLPVR,\[QOBLPQOPGR�BEP2P;D2MLm�¤;Q¡BEP�H[M�l�KGNOIER�M
x
M�\

ẋ
X2ILPGF�N�� Z�^bDGIj\[QOBLP�R�QU��X2M�FJF�DGF ~ BLP£\[HJBLDG�LM

eA(t)u̇ = b(t)

Rj� M�F�\ � XTQOH[M u̇ = exp(−A(t))b(t).
 �BEl�l.M¬P2BEDGF¡R�BLP2PGILQOFJF[BLPGF

A(t)
M�\

b(t) ~ QONLF�D2¨�\�X�� QOPb\[M�|LHJM�H�N¦� M��;KGH[MWF[F[QUBEPR�QU��XTM�FJF�DVF#K>BLD2H£\[HJBLD2�EM�H
u
m{�&K2KVM�NUBEPGF

B(t) =
∫

exp(−A(t))b(t)dt + C ~ BE� C
M�F�\£DGP2MR�BLPGF�\JILPE\JMX�� QUPb\JM�|LHiI_\JQUBEP¡m¬ACBEDGF"I5�LBEPGF�IjNOBLHiF�NSI.F�BENUD2\[QOBLP�XTM�P2Bj\JH[M�Z�^bDGIj\[QOBLP$ª

x(t) = eA(t)(B(t) + C).

®g¯ �b°�±�²��V³ ¤;D2KGKVBbF�BEPGF¬^bD2M"P2BLDVF¬�LBED2NUBEPGF'HJZ�F[BLDGXTHJM
ẋ = tx− t ~ I5�LM�RYNSI( �´ x(0) = 0

m�´�R�Q ~ a(t) = t
M�\

b(t) = −t
m"�CNOBLHiF ~ A(t) =

∫
a(t)dt = t2/2

M�\
B(t) = −

∫
exp(−t2/2)tdt = exp(−t2/2)

m"�kI�F�BENUDT\JQUBEPXTMzP2BL\[HJM�Z�^bDGI_\JQUBEP£MWF�\CILNUBEHJF
x(t) = et2/2(e−t2/2 + C).

d�P�DT\JQUNOQOFJIjPb\CNSI# �´ ~ BLP£\[HJBLD2�EM C = −1
m'fgBLPVR ~ x(t) = −et2/2 + 1

µ
ẍ + aẋ + bx = 0

� PwHJZ�F[BLDVX	X�� Ij�>BLHiX�N�� Z�^bDGIj\[QOBLP·¶_¸ ¹bº�»�¼,½�¾�¿GÀ#ILX_Á�BLQOPE\
r2 + ar + b = 0

m] �M�NSI£P2BLDGFyXTBEP2P2M.XTM�DT�	HiILR�QUPGM�F
r1
M�\

r2
m��-I�F[BLNODT\JQUBEP�XTMzN¦� d�fÂMWF�\CIjNOBLHiF�XTBLPGP2Z�M�KGILH

x(t) = C1e
r1t + C2e

r2t.

�¡MWFgX2M�DT��HiILR�QOP2MWF
r1, r2

K>M�DG�LM�Pb\yÃ�\[HJM�HJZ�M�NUNOM�FgBL�R�BLl.K2NOM��TM ~ XTM�l.Ã�l.M]^bD2M a
M�\

b
m�¤;Q�NSI�F[BLNODT\[QOBLPw^bD2MN¦� BEP�Ri�2M�HJRi�GMyMWF�\"HJZ�Z�NUNOM ~ BEP�K>M�D2\"\[BLDjÁ�BLD2HiF�H[M�|LHJBLD2K>M�HYNOM�F�\JM�HJl�MWF�KVBED2H"Z�R�H[QOHJM

x(t) = est(D1 cos(pt) + D2 sin(pt))

BL�
s, p
F�BEPb\£NOM�F#KVIjH[\[QOM�F#HJZ�M�NUNOM�F�M�\�QUl�IL|LQOPGIjQOH[M	X2M

r1, r2
m

Ci
M�\

Di
F[BLPb\£X2M�F�R�BLPVF�\iIjPb\[MWF#^bD2MwN¦� BEPXTZ�\[M�HJl.QUPGMzM�P�DT\[QONUQSFJIjPb\CNUMWF& �´,m

®g¯ �b°�±�²��V³ÅÄ M�F[BLNO�LBEPGFYN�� Z�^bDGIj\[QOBLP
ẍ + 2ẋ + 5x = 0

I5�LMWR&NOM�Fg �´
x(0) = 1, ẋ(0) = 0

m
��� Z�^bDGIj\[QOBLP�ILX5Á�BEQUPb\[M

r2 + 2r + 5 = 0
IEXTl.M�\"NOM�FCXTM�DT��F[BLNODT\JQUBEPGF

r1,2 = −1±
√
−4 = −1± 2i

m��kIF[BLNODT\[QOBLP�M�F�\&IjNOBLHiF
x(t) = e−t(C1e

2it + C2e
−2it).�kI.R�BLPGXTQU\[QOBLP

x(0) = 1
PGBLDGF�QOl.KVBbF�M

C1 + C2 = 1
m'�-I.R�BLPVXTQa\JQUBEP

ẋ(0) = 0
P2BLDVF"XTBLP2PGM

C1 − C2 = 0 ~M�\&X2BLPGR ~ �GPGIjNOM�l.M�PE\ ~ C1 = C2 = 1/2 ~ M�\CXTBLPVR ~
x(t) = e−t cos(2t)

�kI�KVIjH[\[QOM�QUl�Ij|EQUPVIjQOH[M�XTMWFzHJIER�QOP2M�F�PGBLDGF(X2BLP2P2M#\[BLDjÁ�BLD2HiF(XTMWFzBEFJR�QONUNSI_\JQUBEPGF ~ M�\�FJI�KGILH�\JQUM�HJZ�Z�NUNOM#XTM�FIjl.BEH�\JQOFJF�M�l.M�Pb\JF�ceBE��R�H[BEQOFJFJIjPGR�MgM��;K>BLPGM�Pb\[QOM�NONUM5h,m
®g¯ �Eu_ÆEt�ÆL�>³ Ä Z�F[BLDGX2H[M

ẍ + 2ix + 3 = 0 ~ I5�LMWR&NOM�F"l.Ã�l�M� �´�^bD2M�K2H[ZWR�MWXTM�l.l.M�Pb\�m

Ç
ẍ + aẋ + bx = c

� P��LBLQU\C^bD¡� DGP2M(F�BENUD2\[QOBLP�KGIjH[\[QSR�D2NOQO}�HJM�X2M�R�M�\[\[Mzd�f{M�F�\
x = c/b

m¬�-I�F�BENUDT\JQUBEP£|EZ�P2Z�HJILNUMyM�F�\CXTBLPVR
x(t) = C1e

r1t + C2e
r2t + c/b

È



É Ê.Ë�Ì�Í-ÎCÏ�ÐpÑ�Ò�Ó"Ô.Õ�Ö�Í-×�Ø(Ù�ÌÚÑ�×,ÛÓ�Ü'Ð"Ù]Í-×�Ð"Ý�Ý�Ð"Ì�ÞYØ(Õ�ß�Ý�Ó"Ð"ÌYà
d�P�|LZ�P2Z�HiIjN ~ NSI�HJZ�F[BLNODT\[QOBLP$X�� D2P�F�áTF�\[}�l.M�XTM n

d�fâXTM.K2HJM�l.QU}�H[M.BEHJXTHJM�M�\#¿Tã>À.d�fâXTM�ãGä�½�å�æ.À#XTM�|EH[ZWFF[BLPb\"Z�^bD2QO�5ILNUM�Pb\[MLm x IjH"M��TM�l.K2NOM ~ NOMzF�áTF�\[}�l.M
ẏ = 2x + 1

ẋ = 4y + 2

M�F�\�Z�^bD2QO�5ILNUM�Pb\ � ÿ = 8y + 6
ceQON¡F[DT¨.\"X2MyXTZ�H[QO�LM�H�NSI]K2H[M�l.QU}�H[MyZ�^bDGIj\[QOBLP#M�\�D2\[QONUQSF�M�H�NOI]�_IjNOM�D2H"XTM

ẋ
XTMgNSIXTM�DT�TQU}�l�MzZW^bDGI_\JQUBEPVh,m¬çCPGM��eBLQSF

y
R�BEP2P;D ~ QONkF�D2¨�\&X¡� DT\JQUNOQSF�M�H"NOI�K2HJM�l.QO}�HJMyZW^bDGI_\JQUBEP£K>BLD2H"BE�T\[M�P2QOH x m��� IjNO|L}��2HJM�NOQUP2ZWIjQOH[M�R�M�KVM�PGX2ILPE\�P2BEDGF]�eBLD2HJP2QU\�D2P2M�l.Z�\[�GB;X2M�KGNUDGF.KGHJIj\[QS^EDGMª�QONCF�DT¨.\#XTM�Ri�2M�HJRi�2M�HNOM�F]�5ILNUM�D2HiF�K2HJBLKGH[MWF�X�� D2P2M�R�M�H�\iIjQOP2M�l�I_\JH[QSR�MEm x BED2H]�EBLQOH]R�M�NSI	K2NODGF]M�PèX2Z�\JILQUN ~ R�BLPGF[D2NU\[M�H]D2PéNOQO�bHJM£X2Ml�I_\J�2Z�l�I_\JQO^bD2MEmACBEDGF¬K>BLD2�EBLPGF�l.ILP2QOK2D2NOM�H�NOM�F�XTQU`>Z�H[M�PE\JQUM�NUNOM�F�XTMCK2HJM�l.QOM�HiF¬BLHiXTHJM�FCc�À�ê'ë�À�¿T¸UÀ�æ�À�ãGê�ìiÀ�¸í¸UÀ�ë,ä�¸Uî�h¬K2HJM�FJ^bD2MR�BEl.l�M#X2M�FzP2BEl��2HJM�F(BLHiXTQUPVIjQOH[MWF�m�¤;DGK2KVBbF�BEPGF(^bD2M�NOM�FzK>BEF[QU\[QOBLPGF

x, y
X�� DGP�KVBEQUPb\�F[BLQOM�Pb\�XTBLPGP2Z�MWFzKGIjHD2P2Mzd�fÂXTD�|LM�P2H[MEª

dx/dt = ky

dy/dt = −kx

�CNOBLHiF ~ M�P�X2QU�;QSF[ILPE\�N¦� D2PGM�X2M�F�d�fïKGILH�N�� IjDT\JH[M ~ BLP�\[HJBLD2�EM dy/dx = −x/y
m'd�P£\[HiIjPGF��eBLHJl�IjPb\�M�PGR�BEH[MyD2PK>M�D ~ BEP�\JH[BED2�LM.ª

ydy + xdx = 0BLD�XTQU\&IjDT\JH[M�l.M�Pb\zª
x2 + y2 =

 �\JM
 �M�R�QVMWF�\�N¦� ZW^EDVI_\[QOBLP£X�� DGP£R�M�HJR�NUM�ª'FJIjPVF�I5�EBLQOH�H[ZWF�BENUD�NOM�F�d�f ~ BLP�I(\[HJBLD2�EZCNSIz\[HiI_Á�MWR,\JBLQOH[MEm�ðYQOM�P�F[ñ2H ~ R�M�NSIP2MzP2BEDGF"XTBEP2P2M�KGILF�M�PGR�BEH[M�NOM�F�ZW^EDVI_\[QOBLPVF"XTD�l�BED2�LM�l.M�Pb\ ~ RL� MWF�\ � XTQOH[M x(t)

M�\
y(t)
m

®g¯ �Eu_ÆEt�ÆL��v ò D2M�NUNOM�F-F�BEPb\kNUMWF�\JHJIjÁ�M�R,\JBLQOH[MWF¡F[QLNSI&XTM�DT�TQU}�l�M�Z�^bDGI_\JQUBEPzM�F�\
dy/dt = kx ó BE�(F�Q dy/dt = k

ô


