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THÈSE

présentée et soutenue publiquement le 26 mai 2004

pour l’obtention des grades :
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(spécialité Mathématiques Appliquées)

par

Mourad
���������
	

Composition du jury

Rapporteurs : Michel ��������������
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Å�Îk¤¨k�]�����°¤±���0� a�� �����������¥¤F���d�����°¤±������"� a �F���`���q�����q���q�������?È
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u = 0
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©k� ��� Z ¤2������"� a �F�Ì 1¤F�� ������� �3¤F�k�]���  1¤F�¡���
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§3¤F�i� a  0����0���h�q�����q�����q���q�����q��� È�À
©k� �)� 2j�£�������¢@¤¨ ��

u = 0
���q���q�����q���q�����������q���q�����q�����q���q�����q���q����� È�À
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Èk�ª» �;��� a � a ���M¤F��¦�k�°¤ a �£�d�SW ����£��� a ��� ��¤F���¡�=W ����§3¤F ��¨� ���q�����q���q�����������q���q���¡� �}�
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Í"�ª� � � ����k� a ���M������¤ ������§6����¤7�������¤F� 0������]�k��£����§����������q���q�����������q���q���¡� �}Í
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Í"�¾È Ám¤ �/a �£�����}���£¤&%°���0������§��£�0�£���k ����SW¾k�¼�����i�s¤F 0��� ��§�¬���� a�® ��¨�G���q�����������q���q���¡���)�
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Í"�¾½ Ám¤ �/a �£�¡���}���£¤&%°���0�¡����§��£�0�£���k ��]�SW¾k�y���k���s¤¨ ����¡��§�¬���� a�® �� �I s¬3¤¨�y§2��� �/a �£���£���a����

��� §��°¤¨���k�� 0���§6�
y = 0

� �������q���q�����q�����q���q�����q���q�����q�����q���q�¡����¯
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�±���������q���q�����q�����q���q�����q���q�����q�����q���q�¡���?»
Í"� � � Ám¤ �/a �£�¡���}���£¤&%°���0�¡����§��£�0�£���k ��]�SW¾k�y���k���s¤¨ ����¡��§�¬���� a�® �� �I s¬3¤¨�y§2��� �/a �£���£���a����

��� §��°¤¨���k�� 0���§6�
y = 0

�±���������q���q�����q�����q���q�����q���q�����q�����q���q�¡���1È
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y = 0

� �����q���q�¡�)�&�
Í"� �)»�Ám¤ �/a �£�����}���£¤&%°���0� �3 s¬3¤F��§���� �7a ���0�£�£������¡��� §���¤F�M���� ����§6�

y = 0
� �����q���q�¡�)�*�

Í"� �?È Z a ¦��������k�� 0����£¤F�}�a��� a �£� � ¤F����������£��¡��� §k�°¤F�
y = 0 	 t = 3s

� �q�����q���q�����]�?�F©
Í"� �)Í�
 �F��� �����£�0  a �� ����¤¨� a ����� �q�����q���q�����q���q�����q�����q���q�����������q���q���¡�)�¨¯
Í"� �?½ Á�¬�¤F�y§M��� �/a �£�����£� 	 t = 3s

��§k�°¤F�M���� ��F�§'�
y = 0

� �q���q�����q�����q���q�����]�?��»
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�¼���q�����������q���q�����q�����q���q�����q���q�����q�����q���q�¡�)�¨È
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x = 0
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x = 0
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Re = 400

�����¡�)�F½
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� �1©k�
Í"�ª�¨¯ Á�¬�¤F�y§ �k� �7a ���0�£�£��¤F � � a � a �3¤¨¦��±���0� �'��k�����n§'��k�
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Re = 200
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y = 0

� �����q�����q���q�����������q���q�����q�����q���q�����q���q�����q�����q���q�¡�?©F©
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� ���q���q�����q���q�����������q���q�����q�����q���q�����q���q�����q�����q���q�¡�?©¨¯
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x = 0 º �� ���"��k���±���$��¤ �/a �£���£���2§'��k�
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� ���q���q�����q���q�����������q���q�����q�����q���q�����q���q�����q�����q���q�¡�?©�»
Í"�ª�F½ 2j�����£k��¢@¤F 0���]�����°¤ �/a ���0�£��� 	 t = 12s

� �����q�����q���q�����q���q�����q�����q���q�¡�?©FÈ
Í"�ª�FÀ Á�¬�¤F�y§M��� �/a �£�����£� 	 t = 12s

����¡��� §���¤F�M���� ����§6�
y = 0

� �q���q�����q�����q���¡�?©}Í
Ï a a



Æn� � Z�W¾�0���������}�¡�������0¢��������� 0� Q̂ � �����q���q�����q�����q���q�����������q���q�����q�����]��¯}½
Án��� ZD���]¤F��¦��������SW¾ÃO����0��� ���q���q�����q���q�����q�����q���q�����������q���q�����q�����]�?»��
Án��� ����� �*¦������0�]��§�¬��0� a�® ��0�����q���q�����q���q�����q�����q���q�����������q���q�����q�����]�?»F©

Ï a aCa
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Ï a��



� �D
��� �	��
 � �	��� �¼�6���� ��


��� � ¿ ¹*¶ BO+�< 8CB � ���q�����������q���q�����q���q�����q�����q���q�����������q���q�����q�����Ç���
���ª� Á����§���¤F¦���Â�ÃÄ«MÅjÆmÃÄ« �6�q���q�����q���q�����q�����q���q�����������q���q�����q�����Ç�"�
���¾© Á����§���¤F¦���É a Ê �0�£�0�� ��0�]�3� a ���pËÌÆmÃÄ« �������q�����q���q�����������q���q�����q�����Ç���
©k� � dgf hifkjIf Â3���£�±k�°¤¨� a ���y�±���� a Å �����y¤ a ���0�������q�����q���q�����������q���q�����q�����Ç»F©
©k�ª� É a ¤¨¦����3¤F� a �£¤¨� a ���y§�¤F�¡�����* ��0� �����q���q�����q�����q���q�����������q���q�����q����� È��
©k�¾© dgf hifkj −ε �(Xa§�§��£�* s¬���� a �y§k� a �����F�p�q�����������q���q�����q�����q���q�����q���q����� È�È
»"� � Á������ a � a �����m����� � ��!#" $ $w¤FM�6���£�M��M��������M���q���q�����������q���q�����q����� ½k�

Ï �
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Ï �/a



� � ����� ����


�a��k� §��£�0  a �£����� a   a �����y���F�s¤7� a �F��� ®  a �£�0�£���}�Ì"� a � a �������2�3¤¨���  ����£�£����¬k���£�¨�m�;����¥§k����y���
�����s¤ a ��� ����$���0�±�����3� a � a ���k� �0�2�����±§k�£��§�� a ������� �����$�0�£§3¤F 0���2���MÎ*���'�F��� � ��� ����� � � a �Ì���y���� ����0��
¤F"Ï�� ©�� � �ª»*���������¾À	�´�JZ �0� ����§3¤F ��0� � �0 0���F� a �0��� ¤ a ��� a ® ��$���0�n s¬3¤¨�y§�� � �� ������ a �����d�£�0�£���}� �k�F���0� ���
 1¤¨��¤F ����������]¦���¤¨���3��¤F�¡��Ï"����§�����


- 2(Ω) = { & = (u1, u2, u3), ∀i ∈ {1, 2, 3} ui ∈ L2(Ω)}

���� � � K� 	��

γ ’ Ω

Γ

ω
γ

B

n

n̂

� ����� �dË ���0�����0��� a �¨�

• d

3� a ������� a ���Ì�k���kW¾�0�£§3¤¨ ��

• Ω

3�� � �0���]�6���£�������

Rd

• Γ = ∂Ω
• B


��£�F��iÅ �����y¤ a ��� ����¦�k� a �0�m���
Ω

• γ = ∂B
• Ω \B 
3��� �����y¤ a ���n§'�0��¢������
• ω


��£�F��iÅ �����y¤ a ��� �k�
Ω \B �k��¢������}� a ���£�

∂ω = γ ∪ γ ′
• Ω? = Ω \ (B ∪ ω)


3���  0����§����0�y�0�I��¤ a ���n���
B ∪ ω �3¤F�k�

Ω
• ∂Ω? = Γ ∪ γ′
• Ω̌


3k���F � �0��� ® k���� 0��� ® �� � �0� a �3¤F�}�
Ω? ⊂ Ω̌ ⊂ Ω \B

• n
²@�����£§6�� �� a�� �������}�

n̂
º 
 � �0 0�£����¡�������¥¤¨�'��������¤F�}� 	 γ ⊂ ∂(Ω \B)

� �� � 	 Γ
²@������§'�0 0� a�� �·Å

�����}� 	 γ = ∂B
� �F � 	 γ′ º

�
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• L2(#) = {l′ensemble des fonctions à carrée intgrable sur #} � ��
 #
�k��� a ¦���� �kW¾��

�����]�����y¤ a ������²��£��k�iÅj�k���¥¤ a ���0� º �����}� a �������0�]  a Å �������£��0�
• H1(Ω) = {u ∈ L2(Ω), ∇u ∈ L2(Ω)}
• H1

0 (Ω) = {u ∈ H1(Ω), u|Γ = 0}
• H1(Ω \B) = {u ∈ L2(Ω \B), ∇u ∈ L2(Ω \B)}
• H1

0 (Ω \B) = {u ∈ H1(Ω \B), u|Γ∪γ
= 0}

• H1
Γ(Ω \B) = {u ∈ H1(Ω \B), u|Γ = 0}

• H1(ω) = {v ∈ L2(ω), ∇v ∈ L2(ω)}
• H1

0 (ω) = {v ∈ H1(ω), v|γ∪γ′
= 0}

• H1
γ(ω) = {v ∈ H1(ω), v|γ = 0}

• H1
Γ(Ω?) = {u ∈ H1(Ω?), u|Γ = 0}

• H
1
2 (γ) = {r ∈ L2(γ), ∃v ∈ H1(ω), v|γ = r �

• H− 1
2 (γ) =

��� ���¤F�D���
H

1
2 (γ)

 � ����� 	 ��C� ������� 	'� ����� � � �A� �������W� ����� 	'�� � � ��� ���'	' �

• ∀u ∈ L2(#), ||u||0,# = (
∫
#
|u|2) 1

2

• ∀û ∈ H1
0 (Ω)

�

|û|1,Ω =

(∫

Ω

|∇û|2
) 1

2 �0� ||û||1,Ω =

(∫

Ω

|û|2 +

∫

Ω

|∇û|2
) 1

2

• ∀(û, w) ∈ (H1
0 (Ω))2 ��� α ≥ 0

�

< û, w >
(α)
1,Ω=

∫

Ω

∇û · ∇w + α

∫

Ω

ûw
�0� ||û‖(α)

1,Ω =

√
< û, û >

(α)
1,Ω

• ∀u ∈ H1
0 (Ω \B) ∪H1

Γ(Ω \B)
�

|u|1,Ω\B =

(∫

Ω\B
|∇u|2

) 1
2 �0� ||u||1,Ω\B =

(∫

Ω\B
|u|2 +

∫

Ω\B
|∇u|2

) 1
2

• ∀v ∈ H1
γ(ω)

�

|v|1,ω =

(∫

ω

|∇v|2
) 1

2 �0� ||v||1,ω =

(∫

ω

|v|2 +

∫

ω

|∇v|2
) 1

2

• � ·, · � 1
2
,γ


3§k�£�*�� a �m������3¤F� a ���n���}�����
H

1
2 (γ)

�0�
H− 1

2 (γ)
�

∀s ∈ L2(γ) ⊂ H− 1
2 (γ), ∀r ∈ H

1
2 (γ)

�

� s, r � 1
2
,γ=

∫

γ

sr

�



• ∀r ∈ H
1
2 (γ)

�
‖r‖ 1

2
,γ = inf{‖v‖1,ω, v ∈ H1(ω), v|γ = r}

• ∀s ∈ H− 1
2 (γ)

�
‖s‖− 1

2
,γ = sup

{r∈H 1
2 (γ), ‖r‖ 1

2 ,γ
=1}

� s, r � 1
2
,γ

� � � �M 	 � � � ��� �� 	$� � �'	��������

•
[
∂u

∂n

]

γ

:=
∂u

∂n

∣∣∣∣
Ω\B

− ∂u

∂n

∣∣∣∣
B

:=
∂u

∂n
− ∂u

∂n̂


*��¤Fk�����n��¤q���0� a�� ���n�����£�y¤F���]�JW¾��k�n¢����� �� a �F�

u 	 �£��¤ � �0�£�]�=W a �}���0��¢@¤F 0� γ �
• B

Ω\B

3�°¤ ¢��F�� 0� a ��� a �k� a  �¤¨��� a  ��n���

Ω \B
• f


3��� §k�£��������¦��0�y�0�I�m§3¤F�
0
�3¤F���

B
�SW ���� ¢����� �� a �F�

f
�����3� a ����������������}�]�£��

Ω \B

� 	��2�����

• ZD�m� �"� �'�����
.
����� a ¦��������� a ����¦}¤¨� a �£� 	 ����m 0��������¤F�}�����±k��� a §�� a  1¤¨� a�� �O§��£�0���}��¤F����Ï"�0�y§����

a . b
� �0k�n� a �£� ® SW a � ��Ï a �i��������� ����k���s¤¨�I�£��¦������0� a�® k�

C
��������� ® ��

a ≤ Cb
�

©
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¯



� �U�� � � ��� �� � � ��� ������� ���

ZD��� �0 ���k���������}�£� �3 a ����Å §3¤F�i� a  0����0�D�£���}��¤F  0���}���������0� §������* � �k§3¤¨� a �����;�SW ��±¦��£¤F��� �k���±�����
���2�y¤¨��¬��0�¥¤7� a   a �0��� � §�¬��*� a   a �0��� � � a �����F¦ a �i�����a�� a ���k����£� a �0���0�DÁ������0 �������������}��� a �I�£��� �7a �����k���}�
�3¤F�k�Ì�����M� a ��3¤7� a �F���¥§�¬��*� a�® ����M�������Ì� a�� �����£�0� � §3¤F��� a ���0� ® ��������0� �=W �� 0������0�y�0�}�Ì��¤F�k¦� a ��²����0�
§3¤F�i� a  �������m����§������£�0�}�����}�n������¦F������k�����p�£��k¦���� º � ���a����¤¨���£§6�����m����§'������3¤¨�I�£� � ��M���0���� ��F����0�y�0�I�£�
� a�®  a ���·Åj¦}¤*`n�3¤F�k�]�����¡�£��¤F 0�£������±²����0��§3¤F��� a  0����0���£���}�a¤F���F�£�m���0�a¦F��k�£�£���¡����� a�®  a ��� º �

� �� ® SW 	 �£�0 ����������}� � �°¤�§����§�¤F���n�����n�£��¤ � ¤F"Ï �/a ��¤ a ���}� 	 �=W ����¤F�6����¤¨� a ���M��� �y�*���������]���� 0� a Å� ¤F�}�$�������� � �0�y�0�}�$�� �����°¤¨��¦�� �   0�����y����w� a � a �� ¬�������¦��0���F� «¼¤ a �  0���$¤F§k§��£�* s¬����$���
�3¤F�����}�d����n�k���n¬��*§6�F��¬��0�£�0� §'���i�s¤F�}�]�£k�n�°¤2�3¤¨�£��£�����0� a �}���0��¤F �� a �����¡���}����� §3¤¨��� a  �������]� a ¦ a ���0� �
¬��*§'�F�£¬�������� ®  a �£���}� a � � ¤F� a �����0���3¤F���¡���  1¤F�¡��� ¢���¤¨ 0� a ����������� a ����� a �y§6������¤F�}���0���

Á����a� a � a ��¤¨� a ����� � ¤ a ��� aD® ��q�=W¾¤F�¦������}��¤¨� a ���Ì�����°¤2§� a ����¤F�k ��������a���£� a �3¤¨�£������ � ���}�]�y�F� a�� �
 ��0� ������� a �0�£�0� ¤F�����0��� �� ¦F��¤F���¼�����±�����±��� �£���}�s¤7� a�� ���d�k�±� a �±��°¤7� a �F���¡� a ���� 0�£��� ���  ����n�� ��F"Å
���0�y�0�}����� ZD���q§3¤F��� a  0����0�q�����}�2¤ a �k� aJa ��� a��/a ���¤F� a �£���0���0�±�������¦��0���y����� a �2���i�$§�� a �£�����  0���y§"���F�
ZD����� a �y 0����£��� a ��¬��������}���0� 	  0��¦F���������k�$� a � ��°¤¨� a ���k�n§6�� � ���}���������� 0�°¤F���£�0������� ����"Ï�� �"§6���0�
É W¾¤F�6���£�������p� a �� 0����£���[§��£� � ���3¤F�}�����a�kW a �}�����£¤F 0� a ��� �� a ���·Åj§3¤¨��� a  ������� � ���F��¤F�y�����}�[��¤��y¤F� a ���£�
�����}�n����§6��k�n§��£�0�����£� ���� 0���y§"��� �kWª¤¨ 0� a ������ �3 a ��� ����n�����a§3¤F��� a  0����0�a��� a � � ���£���������}�1��Ã[�*Å
�£ a ��� � �����m� a �� ��� ���0�p§�����§������ 	 �°¤�� a �±��°¤7� a �F���I������ a�® ��]������� ® 3¤¨� a �����Ä��� � "
	 ��� ���� ����� ������ a � a �y�0��� a �������0�������m�0�¼¦��0���y����� a �  ��F�y§�����Ï"�F�'Á�W ���i�d ����£�0 ����k� ¤F�£§6�� �� ®  a ¢@¤ a �¡�=W ��� M��0�a���§��£�·Å
�£�0�}�a�£��¤ � ¤ a �.�

����k�� �� ®  a �0���¡���d��¤ � a �£ ����0� a ��¤7� a �F� ���Ì���0�y§k� � �kW¾k���d���0�¡¤F§�§����" s¬��0�¡������§������k� a � a �����0�����i�
�°¤ ¢@¤¨� a �����]���0�a���0�£¬��"�k����� a ����� � ��v;(74����*EF/),�46A ���0�����0�����}�¡�0�£� a �}���£�*�� a ���0��§3¤F��� ��� ��� � �%����$
�{�)� � �?© �5�0��� � ��� !#" ! �¾Í�Í	�.�IÁ��¡�£�F�I�Ä���0�[�y����¬��*�����O�k�]�y¤F�� s¬������$���0�y§k� 	 §3¤¨��¢���¤F �� a �F���3¤ a �£����/a �£¤F�}� 	 ���� 0���§����������M 1¤F�� ���¡�����°¤ �/a �£���£���¼���¥ 0���� a �k����¤ §�������� a �F� � ������������� � ¤F�}�y�3¤F������
§������ a ���p������§��¡��M§����������0�y� �k�  ���� � �0 0� a ���"Å � a�Ê �� a ���Ì���0� ® ����°¤ �/a �£���£�����£���������¤F�}�����SW ���i�a§�¤F�
���0 �������¤ a �£�0�y�0�I� 	 � a�� ���£¦F���� 0� �*k�����%�"§� a �m�3¤¨���m��Ì���0"Ï a �0�y�n�£����§�� �  ��0�����·Åj  a �0����§�����M��0�£��� �����������§3¤F ��Ä����¢����k 0� a ����� 	 � a�� ����¦����k ��Ä�*k������¤¨�3�����[��¤¨� a ��¢@¤ a �£� �°¤m ��F�I�£��¤ a �}���O�SW a �� 0����§��£�0�£� a � a � a �£�F�Én���$������ a �}�����"��k 0� a ���<§�¤F��� ��� ��� � � ����$ ������� � � !#"%! � ���0� ���0��¬k�"���0�±���Ì§�����M��� �� a ���
���}�¡¢@¤ a �m�=W ��� M��0�]����§����� a �����������¤ � ¤F"Ï'�(ZD��� � ¤F� a ¤F�}���0� ®  a �0���k�� ��F����0�I�]§6�� � ���}���������� 0�°¤F���£�0���
�������0"Ï� 1¤¨�£��¦���� a �0� 
3 ��������0�]��¤F�£�0���]�£��]�����¡���0 s¬�� a�® k���]���q 0���£���� �� a �F���k�q��¤±§��£�0�£� a ���¼���] ��������0�
�3¤F�����0�a����¡�����¡���0 s¬�� a�® ��0�a�k�� 0���£���� �� a �F���k����¤ �7a ���0�£�£�¨�

Éd¤F�������  �¤F����� ���  0� �£��¤ � ¤ a � � ���F���¤ � ������k� a � a �£����� �£ s¬��0�¥¤ ��� §��£��M��0 0� a ��� Z ¤F¦���¤¨��¦���Å
��¤F���0� � a � a �}�£�£�*�� a �M§�¤F�! ��� ���#" � � ���$� �%�'& �)(�� � ��! � $#" ��¤F�����¾�	� � �0� ®  a ¢@¤ a �M§3¤F�i� a �
�� � �������±���0�±���� s¬k� a�® ��0�$���Ì ������£�0 0� a ���w���¥�°¤ �/a �������£�¨��\a� ���0�2¤ � ¤¨�I��¤F¦��0�±�¥¤ M�������±���  0�0�£�£�
¤F§�§k�£�* s¬��d���i�����n�£��¤ a ���0�p���a���0�£���n 0��� � �� �� a ¢��k�d�¥¤¨� a �0�£�]��Ï"§�� a   a ���]�0�����n¦}¤F�£�k���������p��§'�0��¤¨�£������
� �*���0�£� a�® ��0�¡�0� a � � ¤F� a ¤F�}���m�0���£����§����(Z�W a ���0� ���i�a�k�� 0���±� a ��������¤±�y����¬��*��� ���0�¡�����0�y�0�}�����3� a �
¤ � �0 <�°¤ :<H}/)9 4D� � � �*!hE��k(7��EF/?HI(¨,@!0/),"��& �*! �¡Á��������·Åj  a �0���¼����� a ��� ¤Fo�£��¤ a ���0�y�0�I����h���0�£���

»
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����� � a ���1¤ a �£�
(
& · ∇)
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g1
Γ := 0, g1

γ := 0
M
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{
−∆vn = 0

$,+.6&1
Ω,

vn = gnΓ
1�>&/

Γ.

� ¤ M ¤ � �
� �+
 ' � ���Wt�/5���D89K�AC�%��?��54�/5 ���>&/T{,/�4�15�.>&$&/5�

{
wn := Sγψn, ψn ∈ H− 1

2 (γ),
Sγψn|γ = gnγ ,

� ¤ M ¤ � �
3�� Sγ : Rd −→ R

� (��=� � . 34� � , �91���� � � (�1 ��.#� �/.�3�1-. $ � � ���%, 1 .%��0�� Sγψ :=

∫

γ

φ(·, y)ψ(y).

� � , 3�& ��1
φ(x, y)

� (��3� 0 ��� ��� 1

|x− y|
� ,

3D
���)� 0 ����� − log |x− y| � , 2D

�
� �+
 ' �  �� �  �15�gc^����>&/%{

gn+1
Γ := −wn|Γ, gn+1

γ := −vn|γ
M
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vn + wn
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Ω
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Rd

y
d = 2

2�>
3
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∂Ω
&9'�(
-�>.';'�AL".2¬(*8�&¡IH-�$

Γ
&9(,&�/4/�&N&�'�(,';>.I6Is23'�8�&
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γ

ω

γ

Γ

Ω

’

B

� °���£ ¢ T[Ô Ö ¹±ÄJ&97@I./�&@yxC.A�+.A471&�".'�A423"6".&�/ � +.&9'�7@-�A�/4/�-¬E3&�'�/42<F�-�/¿&9(OE3/�23CH-�/�T
';2�>.')¾q+.237@-�A4".&9'G$�8�E3>6/4A4&9$;'9¼H".2�(*89&

B
TRUf-1¸.E3>.$;&@Ô3T[Ô�+.>¡FZ:H-�I.A[(*$�&�I.$�8�F�89+.&�"](+623".".&_>."Î&5ÄJ&97@I./�&

$;&9I.$;89';&9"?(*-¬(*A[S�+.&1/�-NE38�2�7@85(*$;A�&�+.>%+6237,-¬A4".&�IR&�$)S�23$;8
Ω \B T��k23>.$=+.&�'=$*-�A�';23"6'_+.&1';A�7@I6/4A4F9A�(;8�¼&9(=';-�".'�Is&9$;+.$�&M+.&ME38�".89$*-�/�A�(;8�¼¿2�"�'�&1/�A471A�(;&_+H-¬".'�F�&MIH-�$;-�E3$*-¬I.:.&M-�>ÀF�-�'�+ÃV·>."À';&9>./±(*$�23>ÃTk!#"

A4"](;$;2<+.>.A�(�+.23".FN>."6&NS�$�23"](*A�P�$;&N-¬$�(*A[¸HF�A�&�/�/4&
γ′
-�>J(*23>.$�+.>ùCR23$�+

γ
+.>×(*$�23>

B
&5(M23"×".2�(;&jI.-�$

ω
/�&@'�23>.')¾q+.237@-�A4"6&1+68�/4A�7@A[(*8�IH-¬$

γ
&5(
γ′
TkUh&@03&9F9(;&�>.$D"623$;7@-�/Gyx'�23$�(*-�"]( � -�>ÏCR23$;+�+.&

Ω \B ¼
Γ ∪ γ ¼µ&�')(#".2¬(*8�I.-�$ n

Tsã�&�/�>.AÂ¼µ".2�$;7@-�/�yx'�23$�(*-�"]( � K
γ = ∂B

yx$�&�';IR&�F5(*A[03&�71&�"](#K
γ ⊂ ∂ω

� ¼R23>Ã¼
K
γ′ ⊂ ∂ω

&�')(G"62�(*8�IH-�$
n̂
y�$;&9';IR&�F9(;A�0�&�71&�"](

n
� T! G2�(;23".'�B?>.&

n̂ = −n
y³0323A�$�/�-�¸HE�>.$;& ¢ T ¢ � T

γ ’ Ω

Γ

ω
γ

B

n

n̂

� °���£ ¢ T ¢ Ö ¹ÇÄJ&�71I./4&�+.>j+.237@-�A�".&#+H-�"6'�/�&F�-�'OC.A�+.A471&�"6';A42�".".&�/�T
" i$#%m.p&%('fi*)(+-,/. ~�0�1324|54;~&1Ï�&6

B
|715�98��v�;:=<?>6~��@>�2AB1DCÂ|DA<�E1F4Z�&:	>H��1�~�0H�ø|71G4Z�&0H0¿|JIJ|717K,�&0

1DA�>L>H��1{|NMOAµ|P24|71RQ=4Z�&AJ�*�&0H0¿|71�SGT<|��-U7>H|
ω
0¿|�1{|��*|74Z�&AWV{�*|D0H�X>6~&1OY
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 ���� � � ��� � � � 	�
������� ����� �t���R|o���}�`�V�t�t|������ �����t� �� 
• H1

0 (Ω) = {û ∈ H1(Ω), û|Γ = 0} ¼.7D>6".AÃ+.&9'G".2�$;71&�'�

|û|1,Ω =

(∫

Ω

|∇û|2
) 1

2 y ¢ T[Ô �
&9(

||û||1,Ω =

(∫

Ω

|û|2 +

∫

Ω

|∇û|2
) 1

2

.
y ¢ T ¢ �

• H1
0 (Ω \B) = {u ∈ H1(Ω \B), u|Γ∪γ

= 0} ¼H7�>.".AÃ+.&9'G"623$;71&�'

|u|1,Ω\B =

(∫

Ω\B
|∇u|2

) 1
2 y ¢ T ª �

&9(

||u||1,Ω\B =

(∫

Ω\B
|u|2 +

∫

Ω\B
|∇u|2

) 1
2

.
y ¢ T à?�

• H1
Γ(Ω \B) = {u ∈ H1(Ω \B), u|Γ = 0} ¼.7D>.".Ah+6&�'O".23$�7@&9'

|u|1,Ω\B =

(∫

Ω\B
|∇u|2

) 1
2 y ¢ T £ �

&9(�+.&�/�-D"623$;71&+.89¸.".A4&�IH-�$_y ¢ T à]� T
• H1

γ(ω) = {v ∈ H1(ω), v|γ = 0} ¼H7D>.".AÃ+6&�'�".23$;71&�'�

|v|1,ω =

(∫

ω

|∇v|2
) 1

2 y ¢ T 
 �
&9(

||v||1,ω =

(∫

ω

|v|2 +

∫

ω

|∇v|2
) 1

2

.
y ¢ T Z �

" i$#%m.p&%('fi3)(+�)�� |71 8��&0 45�-CÂ�&0�1 T<|
H1

Γ(Ω \B) � �Z|71 >H|745�-C�V�|D:,|D0H� H1
γ(ω) � 0¿| 1{�&0H� >6~&1 0 <74Z|71	�1�~�C³�Z|D:,|D0H� 0HAW2�24|71 1DA<�

γ � �*|71 >H|745� C�V�|D:,|D0H� γ′ � Y . |	:�
D:,|7K�24|71 8��&0 45�-CÂ�&0�1	T<| H1
γ′(ω)

0¿|91{�&0H��>6~&1
0 <74Z|7171�~�C³�Z|D:,|D0H� 0HA$2�24|71�1DA<�

γ
Y

 �23>.'�-�>.$�23".'OCs&9';23A�"N+.&�B<>6&�/4B?>.&9'G$�8�'�>./�(*-¬(*'OI.$�8�/4A�7@A�"H-�A�$;&�'��

� i$#F#%i )(+ ,� �&C³�
v ∈ H1(ω)

K¶��|D2�24| MOAµ|
∆v ∈ L2(ω)

Y�� 0 ~º~�24�v�E17K ∂v
∂n

∈ H− 1
2 (∂ω)

|5�

−
∫

ω

∆vw =

∫

ω

∇v · ∇w− � ∂v

∂n
, w � 1

2
,∂ω, ∀w ∈ H1(ω),

y ¢ T�� �
�&6 � ·, · � 1

2
,∂ω

T$<71DC���0¿| 24| >R�*�OT�A$C³� T<|PT�A.~�2C³� <�|D0H���*|
H− 1

2 (∂ω)
|5�
H

1
2 (∂ω)

Y

���*|DA$V�|OY !#"×Is&9>6(�(*$�23>60�&�$�/�-¡+.8�7123".')(*$*-v(*A42�"ó+.&ºF�&º$�8�';>6/�(Z-v(�+H-�".'��D° � ¥h¦kÛ Ú���� ¥��Ç°�¥ �<Ú ¨ ¢�ª¬«
IH-�$O&5ÄJ&�71I./�&�T
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����� ��� ����
������ � � ����� �����

" i$#%m.p&%('fi*)(+���� |@T<�&:1~�C�0¿|
ω
~�A MOAH|D2Q�&0G1�� C�0H� <5�*|7171{|,|715� T<| 8��v�;:,|�>6~���� C 4DA$2C��5�*|�� C�2 1�� ~ ��C³�

T�� A$0 T<�&:1~�C�0¿|
	5�v�;0 <
|5���N8��Z�&0H�-C��5�*|M�E< ��AW2C��5�*|,~�U�~�0H��T<|DA I 4Z�&:	>H��1�~�0H��|71=4Z�&0H0¿|JIJ|71 � γ |5�
γ′ � Y �&: :,|

γ ∩ γ′ = ∅ K�&0 >H|DA<�	C-T<|D0H�-C �\|5� � � A$0 C�1{�&:,�v� >��$C�1D:,|	>R���71 � 24|71º|71 >6~$4Z|71 H 1
2 (∂ω)

|5�
H

1
2 (γ) ×H

1
2 (γ′)

Y

� `��±rkt�b{txeRr )(+-, � 0/T$<�� 0HC³� 2�� ~D>L>�2C 4;~��-CÂ�&0
τγ
K��x��~$4Z|�1DA<�

γ
T<|71P8��&0 45�-CÂ�&0�1 T<|

H1(Ω)
K T<|�2[~

:1~�0HC��5�*|�1DA$C�Vv~�0H�ø|��

τγ : H1(Ω) −→ H
1
2 (∂ω)

w 7−→ τγw :=

{
w

1DA<�
γ

0
1DA<�

γ′

y ¢ T â3�
� `��±rkt�b{txeRr )(+ )  �&C³�

ψ ∈ H− 1
2 (γ)

Y � 0 0¿�v�ø| >6~��
ψ̃ = (ψ, 0) ∈ H− 1

2 (γ) × H− 1
2 (γ′)

Y � 0
T$<�� 0HC³� AW0¿| 8��v�;:,| 2C�0 <;~�C³�*|�1DA<�

H
1
2 (∂ω)

T<|P2[~@:1~�0HC��5�*|�1DA$C�Vv~�0H�ø|��

� ψ,w � 1
2
,γ:=� ψ̃, τγw � 1

2
,∂ω, ∀w ∈ H1(Ω).

y ¢ T�Ô�� �
 C�|D0@>�2AL1

ψ ∈ L2(γ)
K

� ψ,w � 1
2
,γ=

∫

γ

ψw.
y ¢ T�Ô�Ô �

Uf-MS�23$�7D>./�&#+.& ��� ÙµÙ ´¶¼6+.23".".89&_I.-�$�/4&/�&�717@& ¢ T�Ô3¼6Is&9>6( � (*$�&�8�F�$�A�(;&';23>.'�F�&5(;(;&�S�2�$;71&��
� eµpveRlxlxm.txpdi�)(+�)  �&C³�

v ∈ H1(ω)
K¶��|D2�24| MOAµ|

∆v ∈ L2(ω)
Y�� 0 ~º~�24�v�E17K ∂v

∂n
∈ H− 1

2 (∂ω)
|5�

−
∫

ω

(∆v)w =

∫

ω

∇v · ∇w− � ∂v

∂n
, w � 1

2
,γ ∀w ∈ H1

γ′(ω).
y ¢ T�Ô ¢ �

� (Z-�"](#+623".".89'
f ∈ L2(Ω \B)

&9(
α
>6"o$;89&�/kIs2�';A�(;A�SÇ23>o"?>./�¼R2�"o'�V·A4"](;8�$;&9';'�&MK@/�-M$;89';23/�>6(*A�23"

+.>jI.$;2�C./4P97@&712J+6P�/4& �
D

�

�
D :





(*$;2�>603&9$
u ∈ H1

0 (Ω \B)
¼6(*&9/4/4&LB<>6&@�

αu− ∆u = f dans Ω \B.
Uh&�I.$;A�".F�A�Is&D+6&�/�-
�Q�Â�\���\�G&9'�(�+.&M$;&97@I6/�-�F9&�$L/�&�I.$;2�C./4P97@&_A4".A[(*A�-¬/4&�71&�"](GIs2�';8�+H-�"6'/4&D+.2v¾

7@-�A4".&�IR&�$�S�2�$;8
Ω \B IH-�$�>6"ºF�23>.I6/4&#+.&L';23>.'ø¾�I.$�23C./�P�71&�'�¼J/ÂV·>."
IR23';8L';>.$�(;23>6(�/4&L+6237,-¬A4".&

Ω
&9(

/ÂVX-�>6(;$;&#'�>.$�/�-��DF923>.$;2�".".&� 
ω
T �k23>.$�F�&#Sx-¬A4$;&¬¼6".2¬(*23".'�I.-�$

f
/4&LI.$;23/�23".E3&97@&9"](�+.&

f
IH-�$

0
';>.$

B
�

{
f |Ω\B

= f,

f |B = 0.

y ¢ T�Ô ª �
½#-�"6'D/�-jI.$;23IR23'�A�(*A�23" ¢ T ª ¼�23"%7@23"](;$;&�$;-oB?>.&
/�&@I.$�23C./�P�71& �

D

&�')(D89B<>6A�0¬-�/4&9"](�KoF9&
F�23>6I./4&@+.&
I.$�23C./4P97@&9'�.(*$�23>603&9$

(û, v) ∈ H1
0 (Ω) ×H1

γ(ω)
(*&9/hB?>.&@�

� �
D :





m
:

{
αv − ∆v = f dans ω,

v|γ′ = û|γ′ ,

!
: αû− ∆û = f +

∂v

∂n
δγ dans Ω,

y ¢ T�Ô à]�
¢ â
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 ���� � � ��� � � � 	�
������� ����� �t���R|o���}�`�V�t�t|������ �����t� �� 
23Õ

δγ
+.89';A4E�".&D/�-@7,-�'�';&�+.&���° �f¥ Ü ¼Ã-�'�';2<F�A489&�K
/�-@';>.$)Sx-�F�&

γ
¼s&9( ∂v

∂n
δγ
/ÂV·8�/�8�71&�"](#+.&

H−1(Ω)yx/�-DS�23$�7@&L/4A4"68�-�A�$;& � +.89¸H"6A4&IH-�$��

w ∈ H1
0 (Ω) 7−→� ∂v

∂n
, w � 1

2
,γ,

y ¢ T[Ô £ �
yx/4&F9$;2<FZ:.&9( � ·, · � 1

2
,γ

&�')(�A4"](*$�2J+.>6A�(�+H-¬".'O/�-�+.89¸.".A�(;A423" ¢ T ¢ � T
" i$#%m.p&%('fi3)(+�� � 0 :,�&0H�x�Z|5��~�MOAµ| 2[~ 8��v�;:,| 2C�0 <;~�C³�*|7K T$<�� 0HCÂ| >6~�� y ¢ T�Ô £ �EKL|715�	4Z�&0H� C�0HAH| 1DA<�
H1

0 (Ω)
~D>R���71_~�V��&C³� <5�q~�	O2C 24|�7<71DA$2 �Â~�� 1DA$C�Vv~�0H� �

� pde��We���t�b{txeRr )(+���� |71 >R�*� 	O2 �D:,|71 �
D

|5� � �
D

1{�&0H� <�MOAWC�Vv~�24|D0H��1_~�AR1{|D0�1�1DA$C�Vv~�0H� �
C � 1DC A$0¿| 8��&0 45�-CÂ�&0

u
T<|
H1

0 (Ω \B)
|715� 1{�&2AJ�-CÂ�&0 T�A >R�Z� 	O2 �D:,| �

D

K¶~�24�v�E1	24| 4Z�&A�>�24|
(u, u|ω)~D>L>6~��5�-CÂ|D0H� �

H1
0 (Ω) ×H1

γ(ω)
|5�O|715� 1{�&2A<�-CÂ�&0 T�A >R�*� 	O2 �D:,| � �

D

K
C�C � 1DC(AW0 4Z�&A >�24|

(û, v)
T<|
H1

0 (Ω)×H1
γ(ω)

|715�(1{�&2AJ�-CÂ�&0 T�A�>R�*� 	O2 �D:,| � �
D

Kk~�24�v�71 2[~ 8��&0 45� CÂ�&0
û|Ω\B

~D>L>6~��5�-CÂ|D0H� �
H1

0 (Ω \B)
|5�O|715� 1{�&2AJ�-CÂ�&03T�A >R�*� 	O2 �D:,| �

D

Y

���*|DA$V�|OY t
	���/G&�')(ºF�/4-�A4$1B?>.&Î';A
u ∈ H1

0 (Ω \B)
¼Q-�/�23$;'

u
¼�/ÂV·&5Ä<(;&�".'�A423" +6&

u
IH-�$

0
+H-�".'

B
¼

-�I.IH-�$)(*A�&�"](MK
H1

0(Ω)
&5(
u|ω
¼Ç/4-o$;&9'�(*$�A4F5(*A42�"%+.&

u
K
ω
¼�-�I.IH-�$)(*A�&�"](MK

H1
γ(ω)

T��/\&9'�(DSx-¬F�A4/�&@+6&
038�$�A�¸H&9$�B?>.&

u|ω
&9'�(�';23/�>6(*A�23"�+.>�I6$;&�71A4&9$hI.$;2�C./4P97@&

(
� �

D−
m
)
+.>_'��<'�(;P�71& � �

D

T��J2�A�(
u
/�VX&�ÄJ(;&�".'�A423"

+.&
u
IH-�$

0
+H-¬".'

B
Tµ¹W/4/4&G038�$�A�¸H&

αu− ∆u = f
+H-�"6'

Ω \B, y ¢ T�Ô 
 �
αu− ∆u = f

+H-�"6'
B.

y ¢ T[Ô Z �
�J23A�(

w ∈ H1
0 (Ω)

>.".&LS�23"6F9(*A�23"@(;&�')(�TJ¹¶",7D>./�(;A4I./�A�-�"](�y ¢ T[Ô 
 � IH-�$
w
&9(�&�"
A�"](*8�E�$*-�"](\I.-�$QI.-�$�(;A4&�'

';>.$
Ω \B y�&�"À(*&�".-�"](�F9237@IJ(*&M+.>�Sx-¬A�(�B?>.&,/4-
(*$*-¬F�&1+.&

w
'�>.$

Γ ⊂ ∂(Ω \B)
&9'�(_"<>6/4/4& � ¼h23"

23C6(*A�&�"](=�
α

∫

Ω\B
uw +

∫

Ω\B
∇u · ∇w− � ∂u

∂n
, w � 1

2
,γ=

∫

Ω\B
fw,

y ¢ T[Ô � �
½L&�7 � 7@&¬¼s&9" 7D>./[(*A4I6/4A�-¬"?(_y ¢ T[Ô Z � I.-�$

w
¼¿&�" A�"](*8�E�$*-�"](#I.-�$#IH-�$)(*A�&�'L'�>.$

B
&5(&�" $�&�7@-�$;B?>H-¬"?(

B<>6&
u
&�'�(�F923".'�(*-�"](*&,yx"?>./�/4& � ';>.$

B
¼.2�"o-º�

α

∫

B

uw +

∫

B

∇u · ∇w =

∫

B

fw.
y ¢ T[Ô â]�

¹¶"NSx-�A�'*-�"](O/�-�'�237@71&#+.&@y ¢ T�Ô � � &9(�y ¢ T�Ô â3� 23"j-N� ∀w ∈ H1
0 (Ω)

¼

α

∫

Ω

uw +

∫

Ω

∇u · ∇w− � ∂u

∂n
, w � 1

2
,γ=

∫

Ω

fw.
y ¢ T ¢ � �

ã�&_B?>ÃV·23"j8�F�$�A�(�¼H-�>j';&�"6'G+.&9'O+.A4')(*$;A�C.>6(;A423".'L�

αu− ∆u = f +
∂u

∂n
δγ

+H-¬".'
Ω,

y ¢ T ¢ Ô �
F�V·&�'�()¾øKv¾q+.A4$�&

u
&9'�(G';23/�>6(*A�23"º+.&

(
� �

D − !
)
T

t�t
	��O8�F9A4I.$�2JB?>.&97@&9"?(�¼�'�23A�(
(û, v) ∈ H1

0 (Ω) × H1
γ(ω)

'�23/4>J(*A42�"%+.>óI.$�23C./�P�71& � �
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û|Ω\B

-¬I.IH-�$)(*A4&9"](�K
H1

Γ(Ω \B)
T ��/¿&9'�(\Sx-¬F�A4/�&#-�>6';';A¿+.&L0389$;A[¸H&�$\B?>.&

αû|Ω\B
−∆(û|Ω\B

) = f+H-�"6'
Ω \B T ��/h$;&9'�(;&_+.2�".F=KM7123"](*$�&�$�B?>.&='*-D(*$;-�F�&�'�>.$ γ &�')(�"<>6/4/4&¬T½�V·>.".&=IH-�$�(�¼

v
¼H/ÂV·&5Ä<(*&9".';A�23"NIH-�$

0
+.&

v
+.-�".'

B
¼.0�8�$;A[¸H&M�

αv − ∆v = f
+H-¬".'

ω,
y ¢ T ¢W¢ �

αv − ∆v = f
+H-¬".'

B,
y ¢ T ¢�ª �

v|γ′ = û|γ′ .
y ¢ T ¢ à]�

½�VX-�>6(;$;&�IH-�$)(�¼H/4&9'�$;&9'�(*$�A4F5(*A42�".'�+.&
û
K
ω
&9(
B
038�$�A�¸H&9"](_�

αû− ∆û = f
+H-�".'

ω,
y ¢ T ¢W£ �

αû− ∆û = f
+H-�".'

B.
y ¢ T ¢�
 �

�J23A[(�K
I.$;89';&9"?(
w ∈ H1

γ′(ω ∪ B)
¼Ã>."6&DS�23".F9(;A423"Î(;&�')(�+.&

H1(ω ∪ B)
K,(*$*-¬F�&�"?>./4/�&D';>6$

γ′
T

�¡>./[(*A�I./4A�23".'y ¢ T ¢W¢ � &9(�y ¢ T ¢ £ � IH-�$
w
&5(OA4"](*89E3$;23"6'�I.-�$�IH-�$)(*A4&9'�';>.$

ω
¼623"o-º�

α

∫

ω

vw +

∫

ω

∇v · ∇w− � ∂v

∂n
, w � 1

2
,γ =

∫

ω

fw,
y ¢ T ¢�Z �

α

∫

ω

ûw +

∫

ω

∇û · ∇w− � ∂û

∂n
, w � 1

2
,γ =

∫

ω

fw.
y ¢ T ¢ � �

½L&=7 � 7@&¬¼.7D>./[(*A4I6/4A42�".'#y ¢ T ¢�ª � &5(Dy ¢ T ¢�
 � IH-�$
w
&5(�A4"](*89E3$;23"6'�IH-�$OIH-�$)(*A4&9'�';>.$

B
¼H23"j-j�

α

∫

B

vw +

∫

B

∇v · ∇w− � ∂v

∂n̂
, w � 1

2
,γ =

∫

B

fw,
y ¢ T ¢ â]�

α

∫

B

ûw +

∫

B

∇û · ∇w− � ∂û

∂n̂
, w � 1

2
,γ =

∫

B

fw.
y ¢ T ª � �

!#$�¼
v
&�'�(�"?>./�/4&';>6$

B
TH�Ç-¬$�F923".'�8�B?>.&�"]( � ∂v

∂n̂
, w � 1

2
,γ= 0

T
Uf-1'�237@71&#+.&9'G89B?>H-¬(*A�23".'=y ¢ T ¢�Z � &9(�y ¢ T ¢ â3� ¼H".2�>.'O+.23".".&

α

∫

ω∪B
vw +

∫

ω∪B
∇v · ∇w− � ∂v

∂n
, w � 1

2
,γ=

∫

ω∪B
fw.

y ¢ T ª Ô �
½L&�7 � 71&�¼.&9"jSx-�A�'*-�"](O/4-D';23717@&+6&�'�8�B?>H-¬(;A423".'=y ¢ T ¢ � � &9(�y ¢ T ª � � ¼H2�"¡-º�

α

∫

ω∪B
ûw +

∫

ω∪B
∇û · ∇w− � ∂û

∂n
+
∂û

∂n̂
, w � 1

2
,γ=

∫

ω∪B
fw.

y ¢ T ªW¢ �
!#C.';&9$�0�23".'LB?>.&

n̂ = −n
¼H&9(�B?>.& ∂û

∂n
+
∂û

∂n̂
:=

[
∂û

∂n

]

γ
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û
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γ
T
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û
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D − ! � TH¹W/4/�&#038�$�A�¸H&=-�/�23$;'L�

α

∫

ω∪B
ûw +

∫

ω∪B
∇û · ∇w =

∫

ω∪B
fw+ � ∂v

∂n
, w � 1

2
,γ .
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∂û

∂n

]

γ

=
∂v

∂n

∣∣∣∣
γ

,
y ¢ T ª à?�

¹W"À".2�(Z-¬"?(
φ := û − v

&9(=&9" Sx-¬A4'*-¬"?(�/4-
+.A�»s8�$�&�".F9&M+.&�'�8�B?>H-v(*A42�".'@y ¢ T ¢W¢ � &5(,y ¢ T ¢W£ � ¼h&9(�/4-
+.A�»s8�$�&�".F9&_+.&9'O8�B?>H-¬(;A423".'_y ¢ T ¢¬ª � &9(_y ¢ T ¢ 
 � ¼.2�"o-

αφ− ∆φ = 0
+H-�".'

ω
&9(�+H-¬".'

B.
y ¢ T ªV£ �

½L&_I6/4>.'9¼./ÂV·8�B?>H-¬(;A423"�y ¢ T ª à?� A471I./�A4B?>.&
[
∂φ

∂n

]

γ

= 0.
y ¢ T ª 
 �
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φ
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φ ≡ 0
TkãLVX&9'�(�¾�Kv¾�+6A4$;&

û|
B∪ω

= v
¼Ã&5(_F923717@&DI.-�$�F�23".')(*$�>.F9(;A423"

v
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B
¼¿23"%-

û|B = 0
Tkã�&MB?>.AWA471I./�A4B?>.&

û|γ = 0
TH½�V·23Õ

û|Ω\B
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v
<5�Â~�0H� T]~�0�1

H1
γ(ω)

|5�
∆v

T]~�0�1
L2(ω)

K(2[~ T$<5�;C�V�<Z| 0¿�v�;:1~�24| ∂v
∂n

~D>L>6~��5�-CÂ|D0H�
T<�&0 4 �

H− 1
2 (∂ω) � >6~&1@0 <74Z|7171�~�C³�*|D:,|D0H� � L2(∂ω) � Y  � |715� >H�&A<�R4Z|5����|@�;~�C�1{�&0 MOA � �&0Ò~3T$<�� 0HC

2[~�8��v�D:,|*2C�0 <;~�C³�Z| ∂v

∂n
δγ

|D0 A<� C�2C�1�~�0H� 24|F45�*��4 �H|5�@T<|5T�A.~�2C³� < � ·, · � 1
2
,γ

Y  | >H|D0�T]~�0H� K@|D0
AJ�-C�2C�1�~�0H� T<|71#�E<71DA$2 �q~���1PT<|#�7< ��A$2[~��;C³� <N4D2[~&171DC-MOAµ|717K��&0R1�~�C³� MOAµ|

u
~D>L>6~���� CÂ|D0H� �

H2(Ω \B) � V��&C³��¥h¦ Ú �h¥ § ��Ø °³¯±´k²������
	 >6~���|JIJ|D:	>�24| � Y
 �&: :,| 24| 1�~�A<� [ ∂û

∂n

]

γ

0 � |715��>6~&1 8��v�747<D:,|D0H� 0HAW2�K�|5��	OCÂ|D0?MOAH|
û
1{�&C³�k~&171{|��O�E< ��A$2C��5�Z| 24�&C�0=T<|

γ
K±|D2�24| 0 � |715��MOAH|

H
3
2
−ε(Ω) � V��&C³� ���f°³² �<¥ �fß�
����	 � Y z �&AJ��| 8��&C�17Kk�&0P>H|DA<��V�<5�;C �\|5� MOAµ| v |715��~&171{|��

�7< ��A$2C��5�*| � v ∈ H2(ω) � Y . � �&6LK 2�� ~D>L>6~����ø|D0R~�0 4Z| T<| ∂v
∂n

�
H

1
2 (∂ω)

K#|D0�>6~����-C 4DAW2CÂ|5�
�
L2(∂ω)

Y

� C�0�1DC�K �=2[~P>�2[~$4Z|NT�A >R�Z�OT�A$C³� T<|NT�A.~�2C³� <7K��&0 A<� C�2C�1{|5��~RT$<71{�v�;:1~�C�1 4Z|5�x��| T$<�� 0HC³� CÂ�&03T<| ∂v
∂n

δγ
�

∂v

∂n
δγ : w ∈ H1

0 (Ω) 7−→
∫

γ

∂v

∂n
w.

y ¢ T ªLZ �
� pde��We���t�b{txeRr )(+ �  �&C³�

v
2[~ 1{�&2AJ�-CÂ�&03T�A >R�Z� 	O2 �D:,| ����� D − � � Y � ~98��v�;:,| 2C�0 <;~�C³�*|

∂v

∂n
δγ : w ∈ H1

0 (Ω) 7−→
∫

γ

∂v

∂n
w

y ¢ T ª � �
|715� 4Z�&0H�-C�0HAµ|�1DA<�

H1
0 (Ω)

Y
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v ∈ H1

γ(ω)
&5(

∆v ∈ L2(ω)
Td¹W"�&5»¿&5(�¼ ∀w ∈ H1

0 (Ω)
¼

∫

∂ω

∂v

∂n
w =

∫

ω

w∆v +

∫

ω

∇v · ∇w, y ¢ T ª â]�
ªV¢
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∫

γ

∂v

∂n
w| ≤ |

∫

∂ω

∂v

∂n
w| ≤ ‖∆v‖0,ω‖w‖0,ω + ‖∇v‖0,ω‖∇w‖0,ω.

y ¢ T à � �
ã�23717@&

v
0389$;A�¸.&=/�VX89B?>H-¬(*A�23"

αv − ∆v = f
+H-�".'

ω
¼.A�/¿0<A4&�"](=�

‖∆v‖0,ω ≤ ‖f‖0,ω + α‖v‖0,ω . ‖f‖0,ω,
y ¢ T à Ô �
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½L&�7 � 71&�¼
‖∇v‖0,ω . ‖f‖0,ω.

y ¢ T à ¢ �
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ω ⊂ Ω
¼

|
∫

γ

∂v

∂n
w| . ‖w‖0,ω + ‖∇w‖0,ω . ‖w‖1,ω ≤ ‖w‖1,Ω.
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∂n
δγ

|D0R8��&0 45�-CÂ�&0 T<|71 C�0H� < ����~�24|71
T<|PV��&2A$:,|OY�� 0ó|�#|5��K��&0 C�0H�x�*�OT�AWC³� AW0=>R�*� 	O2 �D:,|_~�A I[C�2Cx~�C³�*| T$<�� 0HC 1DAJ�P24|�1{�&AL1	� T<�&:1~�C�0¿|

Ω? =
Ω \ (B ∪ ω)

K T<| 8��Z�&0H�-C��5�*|
∂Ω? = Γ ∪ γ′ Y � 0 C�0H�x�Z�OT�A$C³��~�AB171DC 2�� |71 >6~$4Z|

H1
Γ(Ω?)

K

H1
Γ(Ω?) = {u ∈ H1(Ω?), u|Γ = 0}. y ¢ T à3à?�

� 0 0¿�v��| >6~��
ṽ ∈ H1
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αṽ − ∆ṽ = f dans Ω?,

ṽ|γ′ = û|γ′ .
y ¢ T à £ �
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0 (Ω)
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ω
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∫

γ

∂v

∂n
w = α

∫

ω

vw +

∫

ω

∇v · ∇w −
∫

ω

fw +

∫
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∂v

∂n̂
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Ω?
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w
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Γ
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∫
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∂ṽ
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w =

∫

Ω?
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∫
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ṽ
0 � |715� MOA � AW03>R�*�&24�&0 �<|D:,|D0H� KL~&171{|��

�E< ��AW2CÂ|5�EK T<|
v
Y �\~�� 4Z�&0�1�<�MOAH|D0H� K

∫

γ′

∂v
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T$<�� 0HCÂ| >6~����!>H�&AJ�����&AJ�

w ∈ H1
0 (Ω)

K

∫

γ

∂v

∂n
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∫

ω

∇v · ∇w −
∫
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(∫

ω
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ṽw
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∫
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fw −
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∇ṽ · ∇w .
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αu− ∆u = f dans Ω \B,
u = g sur γ,

y ¢ T £ � �
|715�=<�MOAWC�Vv~�24|D0H� � ~�A 1{|D0�13T<| 2[~ >R�*�7>H��1DC³�-CÂ�&0��$Y � � � 4Z|54Z�&A�>�24|3T<| 1{�&AL1	��>R�Z� 	O2 �D:,|71 �����*�&A$V�|5�
(û, v) ∈ H1

0 (Ω) ×H1(ω)
��|D2�MOAH| �

� � ′
D :





� :





αv − ∆v = f dans ω,
v|γ′ = û|γ′ ,
v|γ = g,

�
: αû− ∆û = f +

(
∂v

∂n
− ∂g̃

∂n

)
δγ dans Ω.

y ¢ T £ Ô �

" i$#%m.p&%('fi3)(+��  C	24|j�Z|D2 �DV�|D:,|D0H� �6~��;:,�&0HC-MOAµ| T<|
g
0 � |715� >6~&1 89~$4DC�24| � 4;~�2�4DAW24|5�Î|JI >�2C 4DC³��|	�

:,|D0H� K¶�&0 >H|DAJ� 4Z�&0�1DC-T$<5�*|5�90 � C�:	>H�v����|	MOAµ|D2s~�A<���*|L�*|D2 �DV�|D:,|D0H�
g̃
K � 2[~D>�2[~$4DCÂ|D0 T]~�0�1

L2(B) � 4Z|5����|4Z�&0�T�C³� CÂ�&0 |715��*|D:	>�2CÂ| T �71RMOAµ|
g ∈ H

3
2 (γ) � Y � V�|74�4Z|5����| T<|5�;0HC��5�*|�4Z�&0�T�C³�-CÂ�&0�K ∆g̃

>H|DA<� 
5���*|
>R�Z�&24�&0 �$<N>6~��

0
T]~�0�1

Ω \B |D0 A$0¿|�8��&0 45� CÂ�&0
L2(Ω)

Y . ~�0�1�4Z| 4;~LT��*|7K�2�� <�MOA.~��-CÂ�&0
( ��� ′

D − �
)T<|DV�CÂ|D0H�\~�24�v�E1��

αû− ∆û = f +

(
∂v

∂n
− ∂g̃

∂n

)
δγ − ∆g̃ dans Ω.

y ¢ T £W¢ �
ª à



�3���J���!� ����� 
����� � � � � � � � � ����� �

��23>6$�+.&�'O$*-¬A4';2�".'\+.&'�A471I./4A�F�A�(;8�¼?+H-�"6'\(*23>6(\F�&B?>.AÃ'�>.A�(�¼.23"º".&'9VXA�"?(;8�$�&�';'�&�$;-1B?>ÃVX-�>NF�-�'O+.&9'
F�2�".+.A�(;A423"6'�+.& ��° �k° Ü�� Û ÙµÚ :.2�7@23E�P�".&9'�'�>.$O/4&CR23$;+

γ
T

Uh&�'�+.&9>JÄ
I6$;23C./�P�71&�'
(
� �

D − m
)
&5(

(
� �

D − !
)
+.>º' �J')(*P97@& � �

D

'�23"](�F�2�>.I./489'�T.ã�&B<>6A¿';>6E3E3P�$�&
/�-DF923".')(*$;>6F9(*A�23"j+ÃVX>6".&=S�2�$;7D>./4-¬(*A�23",+6&=IR23A�"?(�¸JÄ6&¬TRãLVX&9'�(G/ÂV·23C<Y�&5(O+.&�/�-�';&9F9(*A�23"N';>.A[0¬-�"](*&�T

�M��� æ@�=�Ç� �NÊ9��f�9�_� �º�ËÈ �=�����	��
,�

 G2�(;$;&�23C<Y�&9F9(;A�S�&�'�(�+.&(;$*-�".')S�23$;71&�$�/�&I.$;2�C./4P97@& � �
D

� �
D :





m
:

{
αv − ∆v = f dans ω,

v|γ′ = û|γ′ ,

!
: αû− ∆û = f +

∂v

∂n
δγ dans Ω,

y ¢ T £�ª �
&�"j>."jI.$;2�C./4P97@&+.&�IR23A4"](\¸JÄ6&¬T �J23A�(

θ
>6"¡IH-¬$*-�71P9(;$;&$;89&�/�Tµã�23".'�A4+.89$;23".'O/�VX23I68�$*-v(*&�>6$

Tθ(·, ·; f) : H1
0 (Ω) ×H1

γ(ω) −→ H1
0 (Ω) ×H1

γ(ω)

(û, v) 7−→ (Û , V ),

y ¢ T £ à]�
23Õ

V ∈ H1
γ(ω)

&9(
Û ∈ H1

0 (Ω)
'�23"](L'�23/4>6(;A423"6'\+.&

{
αV − ∆V = f

+H-�"6'
ω,

V = θv + (1 − θ)û
'�>.$

γ ′,

y ¢ T £W£ �
&9(

αÛ − ∆Û = f +
∂V

∂n
δγ

+.-�".'
Ω.

y ¢ T £�
 �
�Ç-�$O+.85¸H".A[(*A42�"j+6& Tθ ¼H23"j-�/�-�I.$;2�Is23'�A�(;A423"
'�>.A�0¬-�"](;&1�

� pve��We���t³bdt�esr )(+
	 ���&A<�
θ 6= 1

K
(û, v)

|715� 1{�&2A<� CÂ�&0 T<| � �
D
1DC�|5� 1{|DA$24|D:,|D0H� 1DC

Tθ(û, v; f) = (û, v).
y ¢ T £[Z �

Uf-_$;&9FZ:.&�$�FZ:.&#+ÃV·>."1(*&�/HIR23A�"?(¶¸6ÄJ&G';&OSx-�A�(¶IH-¬$�>6",I.$�2JF9&�';'�>.'�A[(*89$*-¬(;A�SøT]¹W",&5»¿&5(�¼?';2�A�(
(ûm, vm)/�-D'�>.A�(;&�+.&

H1
0 (Ω) ×H1

γ(ω)
+689¸H".A�&�IH-�$�/�-D$�&�/4-¬(*A�23"º+.&�$;89F�>.$�$;&�"6F�&=';>.A[0�-¬"?(;&M�

(ûm+1, vm+1) = Tθ(ûm, vm; f).
y ¢ T £ � �

!#"�7123"](*$�&�$*-ºB?>.&¬¼k'�23>.'�F�&9$�(*-�A4".&9'�F�23".+6A�(*A�23".''�>.$
θ
¼h/�-
'�>.A�(;&MF�A[¾q+.&�'�';>.'�F923"]03&�$�E3&@0�&�$�'_/4-

';2�/4>6(;A423"Ò&5Ä6-�F5(*& +.> I6$;23C./�P�71& � �
D

T �k23>.$
F9&¡Sx-�A�$;&¬¼�2�"Ý0¬-%';&Î$�&�')(*$;&9A4".+6$;&Î-¬> F�-�',:.237123E3P�"6&
y
f = 0

� TH¹W"N&9»s&9(�¼.'�A
(û0, v0)

&�'�(O/�&#IR23A4"](\¸6ÄJ&�+.& Tθ ¼6/�-�'�>.A�(;& (ûm − û0, v
m − v0)

$;&�F923>60<$;&�/�&
F�-¬'�"623"¡:6237@2�E3P�".&¬T

!#"¡A�"?(;$;2<+.>.A[(�/4&9'�23Is89$*-¬(;&�>.$�'O/4A4"68�-�A�$;&�' � &9(� �
�

: H1
0 (Ω) −→ H1

γ(ω)

û 7−→ �
û = V,

'�23/4>6(;A423"º+6&
(
� �

D − m
) :

{
αV − ∆V = 0

+H-�".'
ω,

V|γ′ = û|γ′ , y ¢ T £ â3�
ªV£



��� ���W����� ������� 	E� � � � � � � 
 ���� � � ��� � � � 	�
������� ����� �t���R|o���}�`�V�t�t|������ �����t� �� 
&9(

�
: H1

γ(ω) −→ H1
0 (Ω)

v 7−→ �
v = Û ,

';23/�>6(*A�23"º+.&
(
� �

D − !
) : αÛ − ∆Û =

∂v

∂n
δγ

+.-�".'
Ω.y ¢ T 
 � �

!#"o"62�(*&=IH-�$��
: H1

0 (Ω) −→ H1
0 (Ω)

/�&=F92371Is23'�8_+6& � &9( �É���
=
� ◦ � B?>ÃV·23"Î".2¬(*&�$;-

IH-�$�S�2�A4' � � TRã�&5(�23Is89$*-¬(;&�>.$�0�8�$;A[¸H&�/4&9'�+.&�>JÄjI6$;23I.$�A485(*8�'O+.2�".".8�&9'GI.-�$�/4&/�&�717@&#'�>.A�0¬-�"](��
� i$#F#%i )(+�� � � �7>H<5��~���|DAJ� � V�<5�;C �\| 24|71 >R�Z�7>R�;C <5� <71�1DA$C�Vv~�0H�ø|71 �

�
>H�&AJ�����&AJ�

û
T]~�0�1

H1
0 (Ω)

K

| � û|1,Ω . |û|1,Ω,
y ¢ T 
 Ô �

�
>H�&AJ�����&AJ�

û
T]~�0�1 Im(

�
)
K

<
�
û, û >

(α)
1,Ω≤ 0.

y ¢ T 
V¢ �
�&6

< ·, · >(α)
1,Ω

T$<71DC���0¿| 24| >R�*�OT�A$C³� 1�4;~�2[~�C³�*| � >H�&0�T$<5�E< � T]~�0�1 H1
0 (Ω)

T$<�� 0HC >6~����

< u,w >
(α)
1,Ω=

∫

Ω

∇u · ∇w + α

∫

Ω

uw, ∀u, w ∈ H1
0 (Ω).

y ¢ T 
3ª �
���*|DA$V�|OY �J23A�&�"](

V =
�
û
&9(
Û =

�
û =

� ◦ � û =
�
V
T6Uk-DF923"](*A�"<>6A�(*8L+.&�� +.89F�23>./�&+.&F�&9/4/�&

+.&�'�23IR8�$*-v(*&�>6$;'O+.>j+.A�-�E�$*-�717@&G';>.A[0¬-�"](��

û ∈ H1
0 (Ω) 7−→ û|γ′ ∈ H

1
2 (γ′)

Ö↓
V ∈ H1

γ(ω)
Ö↓

∂V

∂n

∣∣∣∣
γ

∈ H− 1
2 (γ) 7−→ Û ∈ H1

0 (Ω).

y ¢ T 
 à?�

�Ç-�'�';23".'GK�/ÂV·8�B?>H-¬(;A423"Ày ¢ T 
V¢ � ¼JF�V·&�')(�¾øKd¾�+.A�$;&7123"](*$;2�".'�B?>.&
< Û, û >

(α)
1,Ω≤ 0

THã�237@71&
Û = NV

¼
&�"jI.$;&9"H-�"](

û
F�237171&LS�23".F5(*A42�"N(;&�')(�¼H23"¡-º�

<
� �

û, û >
(α)
1,Ω=

∫

Ω

∇Û .∇û+ α

∫

Ω

Û û =

∫

γ

∂V

∂n
û.

y ¢ T 
V£ �
!$9¼

û ∈ Im(N)
TR¹¶/�/4&#&9'�(G+.23".F�'�23/4>6(;A423"º+6&1�

αû− ∆û = ξδγ
+H-�".'

Ω,
y ¢ T 
 
 �

Is23>6$#>.".&�F9&�$�(*-�A4"6&�S�23".F5(*A42�"
ξ ∈ H− 1

2 (γ)
Tf�¡>./[(*A�I./4A�23".'_y ¢ T 
 
 � IH-�$

V
¼¿&9(#A4"](*89E3$;23"6'#';>.$

ω
&9"

>6(*A�/4A4';-�"](�/4&#Sx-¬A�(�B?>.&=/�-�(;$*-�F9&=+6&
V
'�>.$

γ
&9'�(G"<>6/4/4&��

∫

ω

∇û.∇V + α

∫

ω

ûV −
∫

γ′

∂û

∂n̂
V = 0.

y ¢ T 
LZ �
ª 




�3���J���!� ����� 
����� � � � � � � � � ����� �

� "6&_-¬>6(*$�&=A�"](*8�E�$*-¬(;A423"ºIH-¬$�IH-�$�(;A4&9'�".23>.'O+.23"6".&M�

−
∫

ω

û∆V + α

∫

ω

ûV

︸ ︷︷ ︸
0

+

∫

γ

∂V

∂n
û+

∫

γ′

∂V

∂n̂
û−

∫

γ′

∂û

∂n̂
V = 0,

y ¢ T 
 � �
&9(�IH-¬$�';>.A[(*&�¼H2�"¡-N�

∫

γ

∂V

∂n
û =

∫

γ′

∂û

∂n̂
V −

∫

γ′

∂V

∂n̂
û,

y ¢ T 
 â3�
+ÃV·23ÕÃ¼H&9"¡>6(;A4/�A4'*-¬"?(�/4&#Sx-�A[(�B?>.&

V|γ′ = û|γ′
¼623"o-º�

<
� �

û, û >
(α)
1,Ω=

∫

γ

∂V

∂n
û =

∫

γ′

∂û

∂n̂
V −

∫

γ′

∂V

∂n̂
û =

∫

γ′

∂û

∂n̂
û−

∫

γ′

∂V

∂n̂
V.

y ¢ T Z � �
�O&�7@-�$;B?>.23"6'�B?>.&M�

{
αû− ∆û = 0

+H-�"6'
Ω?,

û|Γ = 0,

y ¢ T Z Ô �
23Õ

Ω? = Ω \ (B̄ ∪ ω)
THã�&�B?>.AfA471I./�A4B?>.&�y�&�"NI.$�&�"H-�"](

û
F9237@71&LS�23"6F9(*A�23"
(*&9'�(�&9(�&9"¡A�"?(;8�E3$;-�"](

IH-�$�I.-�$�(;A4&�'O'�>.$
Ω?
� �

∫

γ′

∂û

∂n̂
û = −

∫

Ω?

|∇û|2 − α

∫

Ω?

|û|2 ≤ 0.
y ¢ T Z ¢ �

½L&�7 � 71&�¼
{
αV − ∆V = 0

+.-�".'
ω,

V|γ = 0,

y ¢ T Z�ª �
A471I./�A4B?>.&

∫

γ′

∂V

∂n̂
V =

∫

ω

|∇V |2 + α

∫

ω

|V |2 ≥ 0.
y ¢ T Z à?�

� A�"H-�/4&97@&9"](�¼6/�VX89B?>H-¬(*A�23"Ày ¢ T Z � � &9(�/4&9'�A4".89E]-�/4A[(*89'�y ¢ T ZW¢ � &9(�y ¢ T Z à?� "623>.'O+.23"."6&�"](��
∫

γ

∂V

∂n
û ≤ 0.

y ¢ T Z £ �
� A�".';A�¼

< Û, û >
(α)
1,Ω≤ 0.

y ¢ T Z 
 �
�

 G2�(;23".'WIH-¬$
CT

/4-L".23$�7@&�+.&�/ÂV·23IR8�$*-v(*&�>6$ �
=
� ◦ � y�F�23".')(Z-�"](;&�2�I6(*A�7,-�/�&¶Is23>6$W/ÂV·A4".89E]-�/4A[(*8

y ¢ T 
 Ô ��� T�Uh&�$�8�'�>./�(*-¬(±'�>.A�0¬-�"](±IR&�$�7@&5(Ç+6&\I.$;2�>603&9$Ç/�-�F�23"]0�&�$;E�&�".F9&�+6&�/ÂVX-�/�E323$;A[(*:.71&±+.&QIs2�A4"](�¸JÄ6&¬T
� pve��We���t³bdt�esr )(+�� ���&A<�N�ø�&A<�

θ ∈]1 − 2

(1 + CT )2
, 1[

K C�2G|JI[C�15��|�T<|71 4Z�&0�15�Â~�0H�ø|71
k ∈]0, 1[

|5�

CD > 0
��|D2�24|71NMOAH|7KX>H�&AJ�����&AJ�

(û, v) ∈ Im(Tθ(·, ·; 0))
K

|Û |1,Ω ≤ k|û|1,Ω,
y ¢ T Z[Z �

ªLZ



��� ���W����� ������� 	E� � � � � � � 
 ���� � � ��� � � � 	�
������� ����� �t���R|o���}�`�V�t�t|������ �����t� �� 
|5�

|V |1,ω ≤ θ|v|1,ω + CD|û|1,Ω,
y ¢ T Z � �

�&6
(Û , V ) = Tθ(û, v; 0)

Y � |
k
�7>R� C�:1~�2 � >6~����;~D>L>H�v��� � 2[~ :1~����v��~�� CÂ�&0 y ¢ T Z � � � |715�¶� 	��ø|D0HAP>H�&AJ�

θ = θopt = 1 − 1

(1 + CT )2

K�|5� 1�~=Vv~�24|DA<��|715�
kopt =

√
θopt

Y

���*|DA$V�|OY !"Ý-6¼¶IH-�$1: �JIR2�(;:.P�'�&ó�
(û, v) ∈ Im(T ?

θ (·, ·; 0))
T¶ã�&oB?>.A�A471I./�A4B?>.&º&�"ÝIH-�$�(;A4F9>./4A�&�$

û =
�
v
TH½�VX-�>6(*$�&�IH-�$�(�¼

(Û , V ) = Tθ(û, v; 0)
T.!"j-1-�/42�$;'#�

V = θv + (1 − θ)
�
û.

y ¢ T Z â]�
U¶V·A4"68�E]-�/�A�(;8�y ¢ T Z � � &�')(O+.23".F>."6&=F923".'�8�B?>.&�"6F�&�A�7@718�+6A�-¬(;&G+.&/4-�F�2�"?(;A4"?>.A[(*8+.&/�VX23IR8�$;-¬(*&9>.$ � T
!"¡-�".2�(;8=I.-�$

CD
/4-DF�23"6'�(Z-¬"?(;&_+6&=F923"](*A�"<>6A�(*8+6& � T

½�VX-�>6(;$;&�IH-�$)(�¼
Û =

�
V

= θ
�
v + (1 − θ)

� �
û

= θû + (1 − θ)
�
û

= û + (1 − θ)(
�
û− û).

y ¢ T � � �
¹W(�IH-¬$�'�>.A�(;&��

|Û |21,Ω =
〈
Û , Û

〉
1,Ω

= |û|21,Ω + (1 − θ)2| � û− û|21,Ω
+ 2(1 − θ) 〈 � û− û, û〉1,Ω

= |û|21,Ω − 2(1 − θ)|û|21,Ω + 2(1 − θ) 〈 � û, û〉1,Ω
+ (1 − θ)2| � û− û|21,Ω.

y ¢ T �6Ô �
!#$�¼?&9"
>6(*A�/4A�'*-�"](¶/ÂV·A4"68�E]-�/�A�(;8=y ¢ T 
V¢ � +.>
/�&�717@& ¢ T Z y�Is2�>.$�-¬/4/489E3&�$¶/�&�'�".2�(Z-v(*A42�".'�¼

α
&�'�(�FZ:.23A�';A

8�E]-�/�&�K
0
A�F�A � ¼62�"¡-

〈 � û, û〉1,Ω ≤ 0.
y ¢ T � ¢ �

�Ç-�$�-�A�/4/4&9>.$;'9¼6/4-DF�23"](*A�"?>.A�(;8+.&�/ÂV·23Is89$*-¬(;&�>.$ � A�7@I./�A4B?>.&_�

| � û− û|21,Ω ≤ (1 + CT )2|û|21,Ω.
y ¢ T � ª �

U¶V·8�B?>H-v(*A42�"Ïy ¢ T��JÔ � A471I./�A4B?>.&#+.2�".F
|Û |21,Ω ≤

(
1 − 2(1 − θ) + (1 − θ)2(1 + CT )2

)
|û|21,Ω.

y ¢ T � à?�
� A4"6';AÂ¼6Is23>6$\(*23>6(

θ ∈
]
1 − 2

(1 + CT )2
, 1

[ ¼

k =
√

1 − 2(1 − θ) + (1 − θ)2(1 + CT )2 < 1.
y ¢ T � £ �

½�VX2�ÕÝ/ÂV·A4"68�E]-�/�A�(;8 y ¢ T Z[Z � T�Uh&
θ
23I6(;A47@-�/

θopt
&�"Ý+68�F�2�>./4&j+.A4$�&�F5(*&�71&�"](@&�"ùI.$;&9"H-�"](,/4- 0¬-�/�&�>.$9¼

-�+.71A4';'�A4C./�&�¼JIs23>6$�/�-�B?>.&9/4/4&L/4&71&�7DC.$�&+.&�E]-�>.FZ:6&_+.&�/�VXA�".8�E]-¬/4A�(;8Dy ¢ T � £ � &�')(�7@A�".A47@-�/ÂT
�

ª �



�3���J���!� ����� 
����� � � � � � � � � ����� �

� eµpveRlxlxm.txpdi�)(+��  A�>L>H��1{�&0�1NMOAH|
θ ∈]1 − 2/(1 + CT )2, 1[

Y � 0À~º~�24�v�E1 ��>H�&AJ�=�ø�&A<�
(û0, v0) ∈

H1
0 (Ω) ×H1

0 (ω)
K 2[~ 1DA$C³��|

(ûm, vm)
T$<�� 0HCÂ| >6~�� 2[~@�*|D2[~�� CÂ�&0 T<|�7<74DA<���*|D0 4Z|��

(ûm+1, vm+1) = Tθ(ûm, vm; 0)
y ¢ T�� 
 �

4Z�&0HV�|5� �<| V�|5�E1
(0, 0)

Y

�Q�*|DAWV�|OY '�23A�(
(λm, µm) ∈ R2

/�-�';>.A[(*&+.85¸H".A�&=I.-�$
(
λ0

µ0

)
=

(
|û0|1,Ω
|v0|1,ω

)
,

y ¢ T�� Z �
(
λm+1

µm+1

)
=

(
k 0
CD θ

)(
λm

µm

)
= A

(
λm

µm

)
.

y ¢ T�� � �
¹W"Î>6(;A4/4A�'*-�"](�/4&9'GA�".8�E3-�/4A[(*8�'=y ¢ T Z[Z � &9(My ¢ T Z � � ¼µ23"o- |ûm|1,Ω ≤ λm

&5( |vm|1,ω ≤ µm
T¿ã�23717@&�/�&

$*- ��23"Î';IR&�F5(*$;-�/
ρ(A) = max(k, θ)

&9'�(#')(*$�A4F9(;&�71&�"](GA4"6S�89$;A4&9>.$GK
1
¼µ/�-1';>.A[(*&

(λm, µm)
F923"]03&�$�E3&

03&9$;'
(0, 0)

¼.&9(�+.&�7 � 71&
(|ûm|1,Ω, |vm|1,ω)

T
�

" i$#%m.p&%('fi*)(+���� |*4;~�2�4DAW2 T<|
θopt

KNMOA$C=~D>L>6~��;~��³�PT]~�0�1R2[~ >R�*�7>H��1DC³� CÂ�&0 �$Y�� K�|715� 	Z~&1�<=1DAJ� 2[~
4Z�&0�15�Â~�0H�ø|

CT
Y  |5�x�ø|�T<|5�;0HC��5�*|	T$< >H|D0�TNC�:	>�2C 4DC³�ø|D:,|D0H� T<| 2[~ �$<Z�&:=<5���;CÂ|	T�A?T<�&:1~�C�0¿|OY . ~�0�1	T<|71

4;~&1 1DC�:	>�24|717K#�&6 24| 1{|74Z�&0�T�:,|D:
	��*|
f ∈ L2(Ω \B)

|715����~LT�Cx~�2�K
Γ
K
γ
|5�
γ′

1{�&0H�	T<|71 1 >����5�*|71
4Z�&0 4Z|D0H�x�DC-MOAH|71@T<|

R3 � �&A5T<|71?4Z|5�E4D24|71?4Z�&0 4Z|D0H���;C-MOAH|71@T<|
R2 � K�&0�>H|DA<�#~�V��&C³� A$0¿|
|715� C�:1~��-CÂ�&0~&171{|��N>R�E<74DC�1{|=T<| 4Z|5�x��|�4Z�&0�15�Â~�0H�ø|N|5� >6~�� 1DA$C³�ø|=2[~@>H��171DC 	OC�2C³� <=T<| 4;~�2�4DA$24|5�
~�V�|74 >R�E<74DC�1DCÂ�&0

θopt� V��&C³� ��� ��	 � Y ��~���|JIJ|D:	>�24|7K T]~�0�1�24|N4;~&1D�&6 γ |715� A$0¿|	1 >����5�*|PT<|���~�U]�&0
R
|5�
γ′
|715� A$0¿|	1 >����5�*|

T<|=��~�U?�&0
R + ε

K��&0 ~
CT ∼ R

ε

Y
�\~��#~�C�2�24|DA<�E17K 4;~�2�4DAW24|5� 24| >6~���~�: �5�x�Z|

θopt
|715� 4Z|5���Â~�C�0¿|D:,|D0H��A$0¡~�Vv~�0H�q~ �<| >�AWC�1OMOAH|7K T]~�0�1 T<|71

4;~&1P1DC�:	>�24|719>6~��M|JIJ|D:	>�24|7K 4Z|D2[~ >H|5�;:,|5� 2[~ 4Z�&0HV�|5� �<|D0 4Z| T<| 2�� ~�2 �<�v�;C³� �$:,| T<|9>H�&C�0H� ��IJ|1|D0GA$0¿|
1{|DA$24| C³� <5��~�� CÂ�&0�K :1~�C�17K�|D0R>R��~�� C-MOAH|7K	4Z�&: :,|M�&0 24| V�|5����~�T]~�0�1 24| 4 �6~D>�C³���*| � K 2�� |715�-C�:1~�� CÂ�&05T<|
4Z| >6~���~�: �5���*|@0 � |715� >6~&1@C�0�T�C�1 >H|D0�1�~�	O24|	� C�2 1DA�
Ò�91DC�:	>�24|D:,|D0H�	T<| >R�*|D0�T��Z|

θ
��~�C�1{�&0H0R~�	O24|D:,|D0H�

>R�*��4 �H|NT<|
1
>H�&AJ�_~�V��&C³��A$0¿| 4Z�&0HV�|5� �<|D0 4Z|_|D0*AW0¿|PT�C��{~�C�0¿|NT�� C³� <5��~��-CÂ�&0�1OY

ª â
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	���������� � � � ���� 

à �
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� �

� �������� ��� ��� ��
����������
� � ����
������  

����!#"$
 � ���!#�%����&� �'� ��( ��� � ( �)����*������

+ ô�þ þÿî¶ö-,.ñ
.0/21 354	687:904;6=<?>@4	ACB272<5D;E=FG6H<I<IJKB2LM6=<N/O/P/P/O/Q/P/O/P/P/O/P/Q/P/O/P/P/O/P/ RTS

UWVYXZVYX [ �K\ �^]`_ba � � �dcfehg;iGj�k�l � �nm j�k�oTg;p VnVqVdVqVnVnVqVnVqVnVqV r=s
UWVYXZVts u �Mvwv �bx � �ny � �bxzy � �|{ 	��`� �o�-} ��	 { VnVqVnVqVnVnVqVdVqVnVnVqVnVqVnVqV r=s
UWVYXZVtU ~ 	 \b� � x }m� \ } 	H� � ] { � v ���w] x �|{�� ��	K���-} ��	 { � �M]-a ��	w} y � �|{ VqVnVqVnVqV r=U
UWVYXZV r ��] �M� � ���-} ��	 � �P��o��wlT����e�� VqVnVqVnVqVnVnVqVdVqVnVnVqVnVqVnVqV r=U

.0/zS �nLM>���72�H��6H<O��B2<IF=L�6=AI< /O/Q/P/P/O/P/P/O/Q/P/O/P/P/O/P/Q/P/O/P/P/O/P/ R@R
UWVtsWVYX �8� �K\ a � { � aO}�� �W} { �b] � ��VnVqVnVdVqVnVqVnVqVnVnVqVdVqVnVnVqVnVqVnVqV rZr
UWVtsWVts � { v��^� �|{ ��� �Mvwvw] �I 8}Ya �o�-} ��	 � ��¡ xY� �^]-}m� � a � VqVdVqVnVnVqVnVqVnVqV ¢Zs

.0/Y. £)EGAC¤;>��;6H<?��6¥L�EH<I>@7¦4	ACB2>@D§6=A¨B¦��©�72EH��68DªAIJWACB2>@D«/P/Q/P/O/P/P/O/P/ ¬KR
UWVtUWVYX ��] �^ x _ba �n�Zx �^�� x VnVqVnVqVnVdVqVnVqVnVqVnVnVqVdVqVnVnVqVnVqVnVqV ¢Mr
UWVtUWVts ��] �^ x _ba �nx �8� � x VqVnVqVnVqVnVdVqVnVqVnVqVnVnVqVdVqVnVnVqVnVqVnVqV ®Zs

.0/�R ¯°6=<|AI<±D�4;��E=L^B:904;6=< /P/O/Q/P/P/O/P/P/O/Q/P/O/P/P/O/P/Q/P/O/P/P/O/P/ ²@³
UWV rKVYX ´ � ´ �Mv x �^�b} � 	 ��� 	 { �
	 �
�^a �M} 	 � v � ] � �^] \ VTµ 	 	��^a¶w] ��· � {`{ �b¸

� ] � 	���¹ � � v��M]��-}z� � x �|{ VºVqVnVdVqVnVqVnVqVnVnVqVdVqVnVnVqVnVqVnVqV ®Z»

à Ô



��� ���W����� � ������� � � �
	 ��	&� 
 ���� � � ������� ��� 
������� ����	 � ��� � � ��� � � ��� � � � � � ���W
 � � ��� � � ��� � �
� ¸����ÃV�� �!�#"%$'&)(*���+�-, ./�0.�1!, �Ã¼2&3.54�� �64879&)(��-(�&��-&�$'"%�6"%(����!1#.�"�¼:,'��4�V;1!�<.�"%(�&)4�4�&=�-� �-48>%&�>/?-� 7-1#.�(�&

� @A7-(�, B-�!C)DE&�DF,:�-C%�#& �
D

¼G�-"%>)(�1#.H��� �-4I�#&%4H�-&)@JÄA76(�"%>)"%�-&)�<.�4F>/?�� 7-1J.�(�&)4�TÇ¹K�L,'@2.�(�&¬¼M,'�A76(�&%�6�
α = 0

¼N&3.�7���(O4�@61#.�&+�-,'@-4P�-,'@-4P1!�<.�")(�&)4�4�&)(�,'�64RQE���F�-1!4�>%(�").�1#4���.�1!,'�S�-@T76(�,'B-�#C%DF&+�6&1®\¯±°³²d²d¯±´¶¼
7�� (5���HU�VXW*VXYZV*¼[&%�S@6.�1#�!1#4�� �<.Z�#&%45"%�#"%DF&%�<.�4�¸��61!4

Q1 \^] ,'1#(8�ÂV�� �-�-&�Ä6&=_`79, @-(87-�!@648�-&R�-").�� 1!�#4Z4�@-(
>%&�. �:79&��ÃV;"%�#"%DF&%�<.�4\¸-�-1!4�a5THUWV;&%4�7-� >%& \ �6&��-1!DF&%�-4�1!,'�@¸��-1!&�a*�ÃV�� 7-7-(�,{Ä21#Db��.�1!,'�E7�� (8>)&%45"%�#"%DF&%�<.�4
¸��-1!45&)4�.c�-, .�"=7-� (

Uh

¼�,�Õ
h
�-"%4�1!$'�-&R�#&�7�� 48�-&=�-1!4�>%(�").�1#4���.�1!,'�¿T �c� 7-7N&%�!, �-48de@-&

Uh ⊂ H1
0 (Ω)

T

åbf)g h �º��Ê%i1�º�Oèkj���lf�5Ê�ènmºÌO���Oèfèf���3o��Oè
�p,'@-(8>%, �-4�.�(�@-1#(�&R�!&�76(�,'B-�#C%DF&��-1#4�>%(�&).�¼�DE,'�<.�(�&%(84��I>%,'� ] &)(�$'&)�->%&+&).5"3./� B-�#1!(Z�#&%48&)4�.�1#Db�0.�1!, �-4

�ÃV�&)(�(�&%@-(�4 \ ��� �-45�!&�>/?-� 7-1#.�(�& à a�¼-,'�q�rBN&%4�,'1!�s�-&)4P(�"%4�@-�#.���.�484�@-1 ] � �<.�4Rt

ë�ê)ì¶ê�ì u �Ovhô�, �fþÿñ ðLñxwxy�z�{}|P~F� ñ¿÷`�=|P~F�*z��
�2, 1!&%�<.

Ω0 ⊂⊂ Ω1 ⊂⊂ Ω
TG����4�@-7-7N,'4�&Ede@-&E79,'@6(

G0

&3.
G

�-&%@JÄ�4�7-?-C)(�&%4+>%,'�6>%&%�<.�(�1!de@-&)4
.�&%�#�!&)48d:@6&

G0 ⊂⊂ G ⊂⊂ Ω1

¼�1#��&5Ä21#4�.�&
h0 > 0

.�&)��d:@6&+7N,'@-(Z.�,'@6.
0 < h ≤ h0

¼��!&)4c? �:7N, .�?-C)4�&)4
4�@-1 ] ���e.�&%4c4�,'�<. ] ")(�1[¸�"%&)4+t

� + ,���1!�p&5Ä21!4�.�&I@-�6&I7-(�,0��&)>).�1!,'� Ph : L2(Ω) −→ Uh

&).�@-�6&I>%,'�-4�./� �<.�&
C \ �-")79&)�-��� �<.R�-&

G0

¼
G

&). Ph a5¼2.�&%�#�!&)48d:@6&=7N,'@-(8.�,'@6.
w ∈ H`(G) (1 ≤ ` ≤ 2)

¼

‖w − Phw‖1,G ≤ Ch`−1‖w‖`,G. \ ª T[Ô�a
�21�&%�S7-�#@-454�@-7-7

(w) ⊆ G0

¼[� �#,'(�4Z4�@-7-7
(Phw) ⊆ G

T
� +�)L� �G,'@6(.�,'@6.

h < h0

¼<1#��&5Ä21!4�.�&c@-�b&)�-4�&)DHB-�!&
Gh

¼
G0 ⊂⊂ Gh ⊂⊂ G

¼<&).�@-�-&c>%,'�64�./���e.�&
C \ �-")79&)�-��� �<.c�-& G0

&3.
G
a*.�&)�!48de@-&R7N,'@-(8.�,'@2.

wh ∈ Uh

¼�4�1
0 ≤ l ≤ 1

¼

‖wh‖1,Gh
≤ Chl−1‖wh‖l,Gh

. \ ª T��'a
�����:�[���$#�� �(+-, \�� ° Ú ² Ü���Ù &3. �RÜ�� ¥ Ú � ¨�� Zd« a Y �� CX�D0��

Ω0 ⊂⊂ Ω1 ⊂⊂ Ω
Y � 0R1DA�>L> � 1���MOA�� 2!�71

�$U;> � � ���71��71P� +-, �3�M� + ) 1 � 0�� 1%� �-C�1 8)��C^���71OY �� CX�D0��
u ∈ H`(Ω1) (1 ≤ ` ≤ 2)

�3�
uh ∈ Uh

K���D2�2!�71
MOA[�7KX> � A:�R� � A:�

wh ∈ Uh ∩H1
0 (Ω1)

K
∫

Ω1

∇(u− uh) · ∇wh = 0. \ ª T ª a
 D2c�JI[C�13���S��2 � �E1

h1 ≤ 1
�3� A$0}� 4 � 0�13�X��0����

C � T$< >��D0�T<��0��PT:� Ω0

�3�
Ω1 � K����D2�1 MOA�� > � A:��� � A2�

h < h1

K � 0�� �
‖u− uh‖1,Ω0 ≤ C

(
h`−1‖u‖`,Ω1 + ‖u− uh‖0,Ω1

)
. \ ª T à a

ë�ê)ì¶êqé ¡ùîK¢P¢�ñhü�ðLñ¤£\úGñhü�£\úLñhïÒõLô±÷Jî±÷6öøô¶õLï
• ���q(�� 7-7N&%�!�#&�de@-&

Ω?
&%4�.c�!&�4�, @-4)¾¥�-,'DE� 1!�-&��6&

Ω \B ¼��-"5¸��-1�7�� (Rt
Ω? = Ω \ (B ∪ ω).

\ äK,'1#(8����¸�$ @-(�& ª T[Ô�a5T
• U�&R.�?-"%, (�C%DF& ª T[Ô=&3.c�!&��!&)DEDF& ª T¦� ] ,'�<. � .�(�&=� 7-76�!1!de@-")48&%�S7-(�&)��� �<.

Ω0 = Ω? &3.
Ω1 = Ω \B.

à �



��������� � � 
��E� ����� �[��� 
 � �6��� ��� � ���#� �J�

γ ’ Ω

Γ

ω
γ

B

n

n̂

� °���£ ª T[Ô Ö�� "%,'DF").�(�1#&�T

ëOê�ì¶êxë �3õOv �¶î¶üøöq÷6v ö)õ
	¶ñ�,.ï<ñx¢_ô¶ú¶,Òüøñhï��Zô�õGòR÷Jöøô¶õLï��Lî�,Hþÿô¶õLö�£\úGñhï
� �W#5#�� �(+ ) �� CX�D0��

Ω0 ⊂⊂ Ω1

YK ;28�JI[C�13���@AW0}� 4 � 0�13�X��0����
C
K����D2�2!�?MOA[�@2�� � 0 ��C^� > � A:�b� � A:���

8 � 0 43�-C � 0
ξ
�6� �;: � 0HC-MOA���1DA:�

Ω1

|ξ|2,Ω0 ≤ C‖ξ‖1,Ω1.
\ ª T � a

�����DAWV �OY �2, 1#.
ρ ∈ C∞

0 (Ω1)
@6�-&��,'�->).�1!,'� 4DA:� � � � � ] &)> ρ = 1

��� �64
Ω0

T[���q�F���!,'(�4�t

|ξ|2,Ω0 ≤ |ρξ|2,Ω0 ≤ ||∆(ρξ)||0,Ω1.
\ ª T 
 a

U�&R(�"%4�@-�#.���.5&%�S�-")>%,'@-�#&R&%�S(�&%DE� (�d:@-� �<.5d:@6&

∆(ρξ) = ξ∆ρ+ ρ∆ξ + 2∇ρ · ∇ξ. \ ª T Z a
&).c�#&� � 1#.8de@-&

ξ
4�,'1#.5?���(�DF,'�-1!de@-&�4�@-(

Ω1

T
�

ëOê�ì¶ê�� � ,.ô��?ñhòµ÷Jö)ô¶õ ðLñ��¤���G�
���Fy��
�����-, .�&E7-� (

πh

�!��7-(�,0��&)>).�1!,'� �-& ��¥�Û Ù ���±°³´W¼��-"9¸��61!&F7�� (rt
πh : H1

0 (Ω) −→ Uh

¼�.�&)�!�!&
de@-&�¼

∫

Ω

∇(πhu) · ∇wh =

∫

Ω

∇u · ∇wh, ∀wh ∈ Uh.
\ ª T��'a

��� �I�#&�(�"%4�@-�#.���.54�@61 ] � �<.Rt
�����e�[�0�$#�� �(+ �  C �D0 >�2AL1

Ω
�713� 4 � 0HV �JI2�7K�C�2��JI[C�13��� A$0}� 4 � 0�13�¥��0����

C
���D2�2!� MOA�� 2�� � 0q��C^� > � A2�

� � A2�
u ∈ H1

0 (Ω)
�

‖u− πhu‖0,Ω ≤ Ch‖u‖1,Ω.
\ ª T â a

à ª



��� ���W����� � ������� � � �
	 ��	&� 
 ���� � � ������� ��� 
������� ����	 � ��� � � ��� � � ��� � � � � � ���W
 � � ��� � � ��� � �
åbf�� Å¤oMj��NÊ���� �Oè
	������o��Zl�

� ./���e.r�6,'�-�-")&
f ∈ L2(Ω \B) � ,'�L49V�1#�e.�"%(�&%4�4�& Q �!�T>%����4�4�&��6&S76(�,'B-�#C%DF&%4��

D � 1#�e.�(�,:�-@-1J.�4��� �-4c�!&�>/?-� 7-1#.�(�&��rt

�
D :





.�(�,'@ ] &%( u ∈ H1
0 (Ω \B) � .�&%�!�#&�de@-&rt

−∆u = f dans Ω \B.
\�� T����<a

�c� 7-7N&%�#,'�-4Zde@-&=(�")4�,'@-�6(�&R>%&R7-(�,'B-�!C)DE&O7�� (8���HU�VXW*V Y8V � (�& ] 1!&%�<.PQI(�")4�,'@-�6(�&R�����,'(�DH@-�!��.�1#,'�
DH@-�#.�1��¥�-,'DE� 1!�-&)4����

D

de@-1}�#@-1N&%4�.c��4�4�,:>%1#"%& \^] ,'1#(*>/?���7-1#.�(�&�� aPt:.�(�,'@ ] &%( (û, v) ∈ H1
0 (Ω)×H1

γ(ω).�&%�#�!&)48d:@6&Et

���
D :





 :

{ −∆v = f dans ω,
v|γ′ = û|γ′ ,

!
: −∆û = f +

∂v

∂n
δγ dans Ω.

\�� T��!��a

"$#&%'#)( +'*,+ v�-/.1032�-/4 �657480 * ,,2:9
; @-1#4�de@ÃV;,'� ��Q�(�")4�,'@-�6(�&T�-&)@=< 7-(�, B-�!C)DE&)4E>),'@-7-�#"%4 � �ÂV;@-� �!,:>�� � \ �-"�>��61O� @ ] ,'1#4�1#��� $'&S�-&%4

.�(�, @-4/a+&3.I�ÂV�� @6.�(�&E$'�!,'B-� � \ 79, 4�"������-4�.�, @6.I�!&E�-,'DE� 1!�6&
Ω
a � �!&)@-(H����� �@?:4�&�Db�0.�?-")Db��.�1!de@-&E�-,A�

./� DFDE&)�<.*>)&%�!�#&P�6@�7-(�, B-�!C)DE&c�-1!4�>%(�&).Z�¿V�&)4�.87���4*@-�-&c.CB >/?6&�� 1!4�"%&¬T ; ,'@-(*4�1!DF7-�!1�>�&%( >)&�7-(�,'B-�!C)DE& ���� �-4c@-�s7-(�&)DE1#&%(Z.�&%DF7-45,'�S�r&)4�4���? "��-&R4�& �,:>�� �#1!4�&%(Z4�@-(5���H(�")4�,'�#@6.�1#,'��$'�#,'B�� �#&�T
D ���-4�>)&�de@-1�4�@-1#. � , � 4�V;1!�<.�")(�&)4�4�&�Q ���s�-1!4�>%(�").�1#4���.�1!,'� �-@ 7-(�,'B-�#C%DF&E$'�#,'B�� � \ ���

D − E a5T�U�&7-(�,'B6�!C%DF&��!,:>���� \ ���
D −  aZ&%4�.c>),'�-4�&)( ] "�4�, @-454�� �,'(�DF&�>%, �e.�1!�e@-&¬T

���I1!�<.�(�,:�-@-1#.M�-,'�->8@6�F&)4�7���>%&c�ÃV���7-7-(�,F<21!DE��.�1!,'�+�-&8�-1!DF&%�64�1!, ��>��-1!&
Uh ⊂ H1

0 (Ω) ] ")(�1@>�� �<.�!&%4P?G?27N, .�?-C%4�&%4��-@ .�?-"%, (�C%DF& � T@� \���HJI�KMLON�P &).RQ LON�S,I�T a*�-&+���F4�&%>3.�1#,'� � T��3T��3TVU*&).�.�&I� �����@?:4�&
�F"3.�"R(�"%� �!1#4�"%&�&)�q>),'�!�!� BN,'(���.�1!,'�b� ] &%>�Q�W�X PZY=I�[]\=^�T_T_S \�] ,'1!(a`cbAd�a5TU��q4�,'�!@2.�1!, � �-1#4�>)(�C).�&b�-@�7-(�,'B6�!C%DF&F$'�!,'B-� � &%4�.I�-"�>-�-1!&EQ �ÂV�� 1#�-&r�-&b�!�q7-(�,0��&%>3.�1!, ���-&fe SOg
\=PZY � Hih

πh
\ 4�&%>3.�1#,'� � T@��T�jea�T

; ,'@-(p�-"�>��61!(p�!&K4�>/?-")Db�P4�&%DF1��¥�-1!4�>%(�&). � , ��4�@61#.p���5Dlk)DE&KDF").�?-,2�6,'�!,'$ 1!& de@-&>%&%�#�!&�-@�>/?-� 7-1#.�(�&
�+,!m�,'�b��>%, �-4�.�(�@-1J.*&3.ZDF,'�<.�(�"P���R>%,'� ] &%(�$ &%�->)&=�¿V�@-��� �!$', (�1#.�?-DF&8�-&O7N,'1!�<.n>o<2&�>%, (�(�&)4�7N,'�-�����e.
� @ 7-(�,'B-�#C%DF&�>%,'�<.�1#�e@ÃTqpK�q7-�!@64c�6&%4c,'79")(���.�&%@-(�47r �Zs &).ut \ t =

r ◦ s aZ1!�<.�(�,:�-@-1#.�45��� �-4c�!&
>/?�� 7-1J.�(�&�� \ 7�� $ & � � a � ,'���HBN&%4�,'1!���6&��-&%@3<��-,'@ ] &���@=<s,'7N"%(���.�&)@-(�4vt ? &).�t

h

de@-194�,'�<.5�-, �-�-"%4
7�� (5�!&��-1!� $'(�� DEDF&O�6&=�!�R>�$'@-(�& � T¦�<T; �!@6487-(�")>%1!4�"%DF&%�<.7t ? =

t ◦ πh =
r ◦ s ◦ πh

&).51#��&%4�.P�6"�>��-1�7���(

t ? : H1
0 (Ω)

πh−→ Uh ⊂ H1
0 (Ω)

s−→ H1
γ(ω)

r
−→ H1

0 (Ω)

û 7−→ πhû 7−→ V = s πhû 7−→ Û =
r s πhû,

\�� T����'a

,!m � V = s πhû
&%4�.c4�,'�#@6.�1#,'���-@S7-(�,'B6�!C%DF& \ �#,2>%� �^a

{ −∆V = 0
�-� �-4

ω,
V|γ′ = (πhû)|γ′ ,

\�� T�� � a

j!j



� ��� ��� �����
	 �
���� 	�� � � �������

H1
0 (Ω) -Uh ⊂ H1

0 (Ω) -H1
γ(ω) -H1

0 (Ω) -Uh

πh s r
πh

R

t

�

t ?

�

t
h

� H�� W � T¦�� D 1!� $'(���DEDF&O�-" >��-1#4�4����e.P�!&)48,'7N"%(��0.�&%@6(�4$t � t ? � &).ut h

T

&).
Û =

r s πhû
&%4�.c4�,'�#@6.�1#,'���-@S7-(�,'B6�!C%DF& \ $'�!,'B-� �^a

−∆Û =
∂V

∂n
δγ

��� �-4
Ω. \�� T@� jea

��@�� �<.ZQ=�ÂV;,'7N"%(��0.�&%@6( t
h � 1!��&%4�.*")$<� �NQ πh ◦

t � &).�1!�[� $ 1#.K4�@6( Û =
r s πhû

&)�b�!�=7-(�,0��&).�� �<.
4�@6(c��V�&)4�7���>%&R�-1!4�>%(�&).

Uh
\�] 1!�r�!�H7-(�,���&%>).�1!,'�S�-& e S]\3PZY � Hih

πh

a5T
� �ÂV;1!�64�./��(P�-&��ÂV;,'79")(���.�&%@-( Tθ(·, ·, f) \ >/?���7-1#.�(�&r� � 7�� $'& � � a5�-"�>��61!4�4�� �<.R��� �,'(�DH@6����.�1!,'�S�-&

7N,'1!�<.v>o<2&R��� �-45�#&�>�� �-(�&R�-@q76(�,'B-�#C%DF&�>%,'�<.�1!�e@ � ,'�s1!�<.�(�,:�-@-1#. T h
θ (·, ·, f)

�-" >��-1�7�� (�t

T h
θ (·, ·, f) : Uh ×H1

γ(ω) −→ Uh ×H1
γ(ω)

(ûh, v) 7−→ (Ûh, V ),
\ � T@� � a

,!m � f ∈ L2(Ω \B)
"3./� �<.c�-,'�-�6"%& � V ∈ H1

γ(ω)
&%4�.O4�,'�!@2.�1!, ���-&

{
−∆V = f

��� �64
ω,

V = θv + (1 − θ)ûh
4�@-(

γ′,
\ � T@���'a

&).
ûh ∈ Uh � &%4�.c.�&)�!�#&�de@-& � 7N,'@-(8.�, @6. wh ∈ Uh

∫

Ω

∇Ûh · ∇wh =

∫

Ω

fwh +

∫

γ

∂V

∂n
wh.

\ � T@��� a

U��Fde@-&)4�.�1#,'� de@-1�4�&+7N,'4�&=&%4�.O�6,'�->=���I4�@-1 ] � �<.�&rt[& <21!4�.�& �X.)�¥1!��@-�S7N,'1!�<.�>o<2&
(ûh, v

?) ∈ Uh ×
H1
γ(ω)

�-@S7-(�, B-�!C)DE&
(ûh, v

?) = T h
θ (ûh, v

?; f) ? \�� T@�Fb<a
� >��A�¿V�� 7679,'(�.�&)(�@-�-&b(�"%7N,'�-4�&sQ >%&3.�.�&�de@-&%4�.�1!, � � , �A7�� 4�4�&�7�� (+@-�-&�"3./� 7N&�1#�e.�&%(�DE")�-1�� 1#(�&

de@-1O>),'�-4�1!4�.�&TQ�(�&%7-(�&%�-�6(�& ��� �,'(�D�@-����.�1!,'�L�-&q79, 1!�<.l>=<6& �-@ 7-(�, B-�!C)DE&S>%,'�<.�1!�e@ \ �<T � b'ar&3.sQ
(�&)DE76��� >)&%( � ��� �-4s�#&%4�>%, �-�-1#.�1!,'�64�� @=<`�#1!DF1#.�&%4F�-@ 76(�,'B-�#C%DF&T�!,:>���� � ûh 7���(�4�,'� 7-(�,���&).�" \ � @4�&)�-45�-&Re S]\3PZY � Hih a�T�����>%, �-4�1#�-C%(�&��-,'�->��!� �,'(�D�@-����.�1!,'�F�-&�7N,'1!�<. >o<2&R� @=<21!�#1�� 1#(�&5�-"�>-�-1!&�7���(
�ÂV;,'7N"%(���.�&)@-( T ?

θ (·, ·; f)
de@-1�&)4�.c�-,'�-�6"=7-� (

T ?
θ (·, ·, f) : H1

0 (Ω) ×H1
γ(ω) −→ H1

0 (Ω) ×H1
γ(ω)

(û, v) 7−→ (Û , V ),
\ � T@�� 'a

j �



����� � � ����� � ����� � � � 	 � 	 � 	 � ������� � � ��� � � 	 � ��� � � ��	�� � � � � � � � � � � ��� ��� � ��� 	 � ���� � � � � ���

,!m
V ∈ H1

γ(ω)
&3.
Û ∈ H1

0 (Ω)
4�,'�<.c(�&)4�7N&%>).�1 ] &%DF&%�<.O4�,'�!@2.�1!, �-4Z�-&rt

{
−∆V = f

�-� �-4
ω,

V = θv + (1 − θ)πhû
4�@6(

γ′,
\�� T�� �<a

&).
−∆Û = f +

∂V

∂n
δγ

4�@-(
Ω. \�� T��=��a

Up� �,'(�DH@-���0.�1!, � �-& 79,'1#�<.f>=<6& � @=<21#�!1���1!(�&q>%,'�64�1!4�.�& Q .�(�, @ ] &)( (u?, v?) ∈ H1
0 (Ω) × H1

γ(ω) �4�,'�#@6.�1#,'���-&
(u?, v?) = T ?

θ (u?, v?; f) . \ � T��'�'a
UWV;,'B:��&).��-@��#&%DFDE& � T�j+&%4�.��-&  � 1!(�&c�#&5�!1!&)�E&)�<.�(�&P�!&)4�4�,'�!@6.�1!,'�64�6@b4�>/?6"%DE�H� @=<21!�#1�� 1#(�& \�� T��'�'a&).c>%&)�!�!&)48�-@S4�>/?-")Db�r4�&)DE1 ���-1#4�>%(�&). \�� T@�Fb<a5T

	 ��
�
�����������
(u?, v?)

���3�����}��� ��� �:� �X� ����� �"!�#%$'&F�E���)( �*�+� � � ���-,/.10324265"7 � �!� ���
(πhu

?, v?)
���3�

�8�}�9� ��� �2� �X� �����:�"!�#%$'&F� ���'& �*; � � �"!3���3�<,/.10*=�>?5�0A@B$�! �DC � �6E ���'&b�'���F7G� �
(ûh, v

?)
���3�H���}�9� ��� �:� �X� �

���I�"!�#%$'&F�J,/.10*=�>?5b�3�G� ��� � C ���'�K�
u? ∈ H1

0 (Ω)
��L ��� �ME ����� ��� �2� �X� �N�:�

−∆u? = f +
∂v?

∂n
δγ

�'�2�
Ω, \�� T�� � a

� �!� ��� � �O! � � CK� �
(u?, v?)

���3��� ��� �:� �X� �N���P�"!�#%$'&F�b���)( �*�+� � � ���Q,/.10324265�0
R*���'��S �60

(u?, v?)
&%4�.M@-�-&4�,'�#@6.�1#,'�=�-& \�� T��'�'a � >)&�de@-1:1!DF7-�!1#de@-& de@-&

v?
&3.
u?

4�,'�<. (�&%4�79&)>).�1 ] &)DE&)�e.
4�,'�#@6.�1#,'�-48�-&

{
−∆v? = f

�-� �-4
ω,

v? = πhu
?

4�@-(
γ′,

\�� T��Ajea
&).

−∆u? = f +
∂v?

∂n
δγ

4�@-(
Ω. \�� T�� � a

T2,'1#.
(Ûh, V ) ∈ Uh ×H1

γ(ω) � .�&%��de@-& (Ûh, V ) = T h
θ (πhu

?, v?; f)
T[���S�F���!,'(�4�t

{
−∆V = f

��� �-4
ω,

V = θv? + (1 − θ)πhu
?

4�@-(
γ′.

\�� T�� �<a

��( � 4�@-( γ′ � θv? + (1 − θ)πhu
? = v? � &3.c7�� (84�@61#.�& V = v?

T
; � (c� 1!�#�!&%@6(�4 � 7�� (5�-" >��-1J.�1!, ���-&

Ûh � , �q��t
∫

Ω

∇Ûh · ∇wh =

∫

Ω

fwh +

∫

γ

∂v?

∂n
wh, ∀wh ∈ Uh.

\�� T�� �'a

U*,'DEDF&
u?

&)4�.c4�, �!@6.�1!,'���-@S7-(�,'B-�!C)DE& \ � T�� � a � &%�#�!& ] "%(�1�>�&=�-,'�->rt
∫

Ω

∇u? · ∇wh =

∫

Ω

fwh +

∫

γ

∂v?

∂n
wh, ∀wh ∈ Uh.

\�� T�� b<a

j �
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	 �
���� 	�� � � �������
p �q>),'DF7�� (����e.5�#&%48")d:@-��.�1#,'�-4 \ � T�� �'a*&3. \ � T�� b<a � ,'�q��t

∫

Ω

∇Ûh · ∇wh =

∫

Ω

∇u? · ∇wh, ∀wh ∈ Uh,
\ � T¦�  'a

de@-1 ] &)@6.P�-1!(�&
Ûh = πhu

?
T D V;,!m

(πhu
?, v?)

&%4�.P4�,'�!@2.�1!, ���-& \ � T���b<a�T
� ")>%1#7-(�,:de@-&%DF&%�<. � 4�,'1#. (ûh, v

?)
4�, �!@6.�1!,'���-@S4�>/?6"%DE� \�� T@�Fb<a5TZU*&)>%1�1!DF7-�#1!de@-&�t

{
−∆v? = f

��� �64
ω,

v? = ûh
4�@-(

γ′,
\ � T � �'a

&).
∫

Ω

∇ûh · ∇wh =

∫

Ω

fwh +

∫

γ

∂v?

∂n
wh, ∀wh ∈ Uh.

\ � T � ��a
T6� >/?-� �<.Ode@-&

u?
&%4�.�4�,'�!@6.�1!,'�s�-& \ � T¦� � a*&). ûh ] ")(�1@>-& \�� T � ��a � 1#��&%4�.�>%�!� 1!(*d:@6&

ûh = πhu
?
T�T2,'1#.

QI7-(�")4�&)�e.
(Û , V ) = T ?

θ (u?, v?; f)
T
V ] "%(�1@>�&R�-, �->rt

{
−∆V = f

��� �64
ω,

V = θv? + (1 − θ)πhu
?

4�@-(
γ′.

\ � T � � a

��( � 4�@6( γ′ � θv?+(1− θ)πhu
? = v? � &3.*7���(4�@-1#.�& V = v?

T����[&)4�.Z>)��� 1#( de@ÃV;&%��>),'DE7-� (�� �<. \ � T¦�=��a&). \�� T¦� � a � , �S&)�q�6"%�-@-1J.cd:@6&
Û = u?

TqU*&Rd:@61�� >/?-C ] &��!�H�-"%DF,'�-4�.�(��0.�1!, �ÃT
�

� �ÂV�� 1!�6&��-@ �!&)DEDF& � T�j � ,'� ��7-@  � 1#(�&��#&H�!1#&%�T&)�<.�(�&r�!� �,'(�D�@-����.�1!,'�q4�&)DE1 ���-1#4�>%(�C).�& \ � T@��b'a&).P�!&=4�>/?6"%DE�b�-&�7N,'1#�e.�>o<2&�� @=<21!�#1�� 1#(�& \�� T¦� �'a � 1!��4�@��r.��-, �->+�¿V�"3.�@-�-1#&%(P�ÂV;& <21!4�.�&%�6>%&�&3.O��V�@6�-1!>)1#.�"
�-&R4�, �!@6.�1!,'��7N,'@-( \ � T¦�'� a5T ; ,'@-(5>%&  � 1!(�& � ,'� �IBN&%4�,'1!�S�ÃV;")./��B-�!1#(Z@-�-&=7-(�, 7-(�1#").�"�4�@-(5�ÂV;,'7N"%(��0.�&%@6(
t ? \ �-" >��-1p7�� ( \ � T@��� a�aZde@-1M��7-7-(�,:>/?-&+� @ DF1!&)@=<s�#&=(�"%4�@-�#.���.c�-@ �#&%DFDE&+�JT �r7-� $'& � �<a5TN��� �F�#&
�!&)DEDF&�4�@-1 ] � �<.Rt
	 �8
 
�� ���� ����� �'���

û ∈ H1
0 (Ω)

�3�
ξ ∈ H− 1

2 (γ)
��� �*� ��� E ���

û
� ��� �G� ��� �:� �X� � �:� ��L $ E �-� � �X� �

−∆û = ξδγ,
�<��� �

Ω. \ � T �!� a
  � � ( � �3����� �!� � � ���}� ! � � �3�¥�������

C∗ 7��� �*� � E �[��7

<
t ?û, û >1,Ω≤ C∗h2‖û‖2

1,Ω,
\ � T � j<a

���
< ·, · >1,Ω

��$�� �
	 �}� � � C � � ��� � ���"!�� � � � ���9�<��� �
H1

0 (Ω) � ∀u, w ∈ H1
0 (Ω)

7

< u, v >1,Ω=

∫

Ω

∇u · ∇v. \�� T � � a

R����'�8S �60 U*,'DFDE& t ? =
r ◦ s ◦ πh

\^] ,'1#( \�� T����'a�a � &)�A>%,'�64�1!�6"%(����e.
V ∈ H1

γ(ω) � �-" >��-1Z7-� (
V = s (πhû) � , � ��t ?û =

r
V
T D V;,!m t ?û

&%4�.c4�,'�!@6.�1!,'���6&Ft
∫

Ω

∇(
t ?û) · ∇w =

∫

γ

∂V

∂n
w, ∀w ∈ H1

0 (Ω). \�� T � �<a

j �



����� � � ����� � ����� � � � 	 � 	 � 	 � ������� � � ��� � � 	 � ��� � � ��	�� � � � � � � � � � � ��� ��� � ��� 	 � ���� � � � � ���

��( �
<
t ?û, û >1,Ω=

∫

Ω

∇(
t ?û) · ∇û, \ � T � �'a

� ] &%> û ∈ H1
0 (Ω)

T ��� ] 1!&%�<.c�-,'�6>

<
t ?û, û >1,Ω=

∫

γ

∂V

∂n
û. \�� T � b<a

; � (c� 1#�!�!&)@-(�4 � &)�qDH@6�#.�1#7-�!1!� �<. −∆û = ξδγ
7�� (

V
&).c&)�q1#�e.�"%$'(�� �<.5�!&�.�,'@6.c4�@-(

ω � , �q�
∫

γ

ξV =

∫

ω

∇û · ∇V −
∫

γ′

∂û

∂n
V +

∫

γ

∂û

∂n̂
V. \�� T �  <a

��( � V = 0
4�@-(

γ \ (�� 7-7N&%�!, �-45d:@6& V ∈ H1
γ(ω)

a�THUWV�")de@���.�1#,'� \ � T �  <a*�6& ] 1!&)�e.c�-, �->
∫

ω

∇û · ∇V −
∫

γ′

∂û

∂n
V = 0. \ � TcjG�<a

� �-&=�-&%@3<61#C%DF&�1!�<.�")$'(��0.�1!, ��7�� (87�� (�.�1#&%4 \ �-&R��V�")d:@-��.�1#,'� \ � TcjG�<a�aZ�-,'@-45�-, �-�-&

−
∫

ω

û∆V −
∫

γ

∂V

∂n̂
û+

∫

γ′

∂V

∂n
û−

∫

γ′

∂û

∂n
V = 0. \ � Tcj,��a

��( � −∆V = 0
�����-4

ω
&3.

n̂ = −n
TN���S�r�-,'�->

∫

γ

∂V

∂n
û = −

∫

γ′

∂V

∂n
û+

∫

γ′

∂û

∂n
V. \�� Tcje�'a

ULV�&)4�.)��Q6���61!(�& � &%�S@6.�1#�!1#4�� �<. \�� T � b<a*&).c&)�q1#�e.�&%(�>�� �!� �<.
πhû �

<
t ?û, û >1,Ω= −

∫

γ′

∂V

∂n
û+

∫

γ′

∂û

∂n
V. \�� Tcj � a

� � 7679&)�!,'�-4�d:@6&
V = s (πhû)

T]U*&�de@-1Z1!DF7-�#1!de@-&r&%�L7�� (�.�1#>%@-�#1!&%(rt
V = πhû

4�@-(
γ′
T]pK�A1#�=�

.�&%(�>�� �!� �<.
V

��� �64P�!�r76(�&%DF1!C)(�&R1!�<.�"%$'(�� �!&��-& \ � T�j � a8&3. û ��� �-4c���I�-&)@=<21!C%DF& � ��V�")d:@-��.�1#,'� \�� Tcj � a�-& ] 1!&)�<.

<
t ?û, û >1,Ω= −

∫

γ′

∂V

∂n
V −

∫

γ′

∂V

∂n
(û− πhû) +

∫

γ′

∂û

∂n
û+

∫

γ′

∂û

∂n
(πhû− û). \ � Tcj!jea

��( � 1!��&)4�.  � >)1!�!&O�-& ] "%(�1@>�&)(5d:@6&

−
∫

γ′

∂V

∂n
V = −|V |21,ω

&3. ∫

γ′

∂û

∂n
û = −|û|21,Ω?, \�� Tcj � a

� ] &%> Ω? = Ω \ (B ∪ ω)
TqU*&Rde@-1�1!DF7-�#1!de@-&7>��-� �!&)DE&)�e.

<
t ?û, û >1,Ω= −|V |21,ω − |û|21,Ω? −

∫

γ′

∂V

∂n
(û− πhû) +

∫

γ′

∂û

∂n
(πhû− û) . \ � Tcj �<a

jGb
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∣∣∣∣
∫

γ′

∂V

∂n
(û− πhû)

∣∣∣∣ ≤
∥∥∥∥
∂V

∂n

∥∥∥∥
− 1

2
,γ′

‖û− πhû‖ 1
2
,γ′ .

\ � T�j � a
; ��(c�#&�7-(�&)DE1#&%(Z&3.c�!&��-&)@=<21!C%DF&�.�?-"),'(�C)DE&R�-&�.�(�� >)& � ,'�q�I(�&)4�7N&%>).�1 ] &%DF&%�<.

‖û− πhû‖ 1
2
,γ′ . |û− πhû|1,Ω?

&). ∥∥∥∥
∂V

∂n

∥∥∥∥
− 1

2
,γ′

. |V |1,ω. \ � T�jGb'a

� 767-�!1#d:@6,'�-45Db��1!�<.�&)��� �<.c�!&�.�?6"%,'(�C%DF&+�-& ��HJI�KMLON�P &).aQ LON�S,I�TS\ .�?-"%,'(�C%DF& � T@�=7�� $ & je� a5TN���
�I�-,'�->

|û− πhû|1,Ω? . h|û|2,Ω̌ + ‖û− πhû‖0,Ω̌,
\ � T�j  'a

,!mq,'�T�F�-, .�"+7�� (
Ω̌

@-� , @ ] &)(�. ] "%(�1@>[� �<. Ω? ⊂ Ω̌ ⊂ Ω \B \ >)&+�-, @ ] &%� @ 4�,'@64 ���6,'Db��1!�-&=�E"3.�"
1!�<.�(�,:�-@-1#.8�A>��s�-&R$<� (�� �<.�1!(8@6�-&R(�"%$ @-��� (�1#.�"�4�@��F4�� �<.�&=�-&

û
a�T

p �A@6.�1#�!1!4�� �<.���V�1#�-"%$'� �!1J.�"I1!� ] &%(�4�&�79, @-(H�!&)4 �,'�6>).�1#,'�-4+?�� (�DF,'�-1#de@-&%4+�-,'�-�-")&�7�� (+�!&b�#&%DFDE&
� T�� \ 7�� $'&$j � a � �ÂV;"%de@-1 ] � �#&%�->)&5&%�<.�(�&O�!&)4��6,'(�DF&%4

H1
Γ(Ω \B)

&).
H1(Ω \B) � &3.*�#&  � 1J.Kde@-& Ω \B&%4�.c@-�q4�,'@-48���-,'DE� 1#�-&��-&

Ω � ,'�S��t

|û|2,Ω̌ . ‖û‖1,Ω\B . |û|1,Ω\B ≤ |û|1,Ω. \ � T � �'a
��@�� �<.8Q+���+�6&%@=<21!C)DE&P�-,'(�DE&c�-@�DF&%DHB-(�&P�6&��-(�, 1#.�&c�-&���V�1#�-"%$'� �!1J.�" \�� T�j  <a � &%��@2.�1!�#1!4�� �<.���V���(�$'@=�
DF&%�<.c�-&R�-@�� �#1#.�"O�ÃV�� ^��:Hih g/��HJI�KMLON�P \�] ,'1!(a` � � d�7���(8& <2&%DF7-�!&�a � , � ��t

‖û− πhû‖0,Ω̌ . h|û|1,Ω. \ � T � ��a
� & ] &)�-,'�-4�Qr�ÂV;"%de@��0.�1!, � \�� T�j �<a�Tqp � @2.�1!�#1!4�� �<.5�!&%4c1!�6"%$<� �#1#.�"%4 \ � T�j � a � \ � T�jGb'a8&3.O>)&%�#�!&%45de@-1p�!&)4

4�@61 ] &)�<. � 1!� ] 1#&%�<.Rt

−
∫

γ′

∂V

∂n
(û− πhû) ≤

∣∣∣∣
∫

γ′

∂V

∂n
(û− πhû)

∣∣∣∣ ≤ Ch|V |1,ω|û|1,Ω. \ � T � � a

p � � 7-7-�#1!de@�� �<.I��V�1#�-"%$<���!1#.�"r�-&�� SO^�LON��	� ��@A7-(�,:�-@-1J.
Ch|V |1,ω|û|1,Ω

�-& \�� T � �'a � ,'� �T79,'@6(
.�, @6.5(�")&%��4�.�(�1!>3.�&)DE&)�e.57N,'4�1#.�1 

ε �

−
∫

γ′

∂V

∂n
(û− πhû) ≤ ε|V |21,ω +

C

ε
h2|û|21,Ω. \ � T � � a

D &RD k%DF& � �!�r�6&%@=<21!C)DE&�1#�<.�"%$ (�� �#&��-&R�ÂV;"%de@���.�1!,'� \�� T�j �<a*79&)@6.$k).�(�&RDb����,'(�")&��-&R>%&).�.�&� ��
),'� t
∫

γ′

∂û

∂n
(πhû− û) ≤

∣∣∣∣
∫

γ′

∂û

∂n
(πhû− û)

∣∣∣∣ ≤ ε|û|21,Ω? +
C

ε
h2|û|21,Ω. \ � T � j<a

� 1#��� �!&)DE&)�<. � ��V�")de@���.�1#,'� \ � T�j �'a*1!DF7-�!1#d:@6&

<
t ?û, û >1,Ω≤ (ε− 1)

(
|û|21,Ω? + |V |21,ω

)
+ 2

C

ε
h2|û|21,Ω. \ � T �'� a

������������
a, b > 0 ��� ����� ∀ε > 0, ab ≤ εa2 + b

2

4ε
�! ����"����$# ab = (

√
2εa)( b√

2ε
) ≤ 1

2 [(
√

2εa)2 + ( b√
2ε

)2] �
j  
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����4�@��r.P�-,'�->R�-&R>/?-,'1#4�1#(
ε
")$<� ��Q

1
79, @-(c� ] ,'1!(8�#&�(�")4�@-�J./��.v>��-� �ÂTZULV;&%4�.)��Q6���-1#(�&It

<
t ?û, û >1,Ω. h2|û|21,Ω. \�� T � �<a

�

� ��
  ������� ���� � ��!�#6����� E ��� t ? ���3� � � ! � & C�� �"$/� �:� t �3�
πh

7 �%�Q! � ��� � �%� � �/$R���3�A���}� ! � � �"$ ;
E �[�'� !/� � & & $�� � � ��� �:� !/� �*� �9�:� t 0H,�� ��� � � �'& &b� 2�0
	 C � 	 � .���5�0

U�&s�!&)DEDF& � T � � de@-&S�ÂV;,'� ] 1#&%�<.F�-&s�-"%DF,'�<.�(�&%( � �-,'@-4F&%4�.b1#�-�-1!4�79&)�-4���B-�!&�7N,'@-(I"3./� B-�#1!(I@-�
(�"%4�@-�#.���.Z�6&O>%, � ] &%(�$'&%�->)&�TN���b7N,'@-(�4�@-1J.*�6,'�->��#&PD k%DF&P>/?6&%DF1!�-&)DE&)�e.*de@-&O>)&%�!@619�-@b>/?�� 7-1J.�(�&��JT
���T�b� �#,'(�4c���r7-(�, 79,'4�1#.�1!,'�S4�@-1 ] � �<.�& \ �ÂV�� �����!,'$'@6&=�6&����r7-(�,'79, 4�1#.�1!,'� �JT�bE7���$'& � �F").�� B-�#1!&R��� �-4
�!&�>����-(�&R�-&R�����,'(�DH@-�!��.�1#,'�b>),'�<.�1!�e@-&�a�t
 ����� ��������� ��� ���� ����� �'���

(û, v) ∈ Im(T ?
θ (·, ·; 0))

�3�
(Û , V ) ∈ H1

0 (Ω) ×H1
γ(ω)

7K��� � � E �[�

(Û , V ) = T ?
θ (û, v; 0).

R � �:�
h

��������� C �3� � �F7 �*� � ( � �3���
0 < θ∗ < 1

7
0 < k∗ < 1

�3�
CΩ > 0

7���� � � E ���
�
C�� �2��� � �2�

θ ∈]θ∗, 1[
7

|Û |1,Ω ≤ k∗|û|1,Ω, \�� T � �'a
�3�

|V |1,ω ≤ θ|v|1,ω + CD|û|1,Ω. \�� T � b<a

R*���'��S �60 � &)Db��(�de@-,'�-45de@-&=�!&� � 1J.8de@-&
(û, v)

� 767�� (�.�1!&)�-�-&=Q Im(T ?
θ (·, ·; 0))

1#DE7-�#1!de@-&P&%� 7-� ( �
.�1!>)@-�!1#&%(

û =
r
v
T D V���@6.�(�&=7-� (�. � (Û , V ) = T ?

θ (û, v; 0)
T����q�r� �!,'(�4

V = θv + (1 − θ) s πhû.
\�� T �  <a

U¶V;1!�6"%$<� �#1#.�" \ � T � b'a�&%4�.P�6,'�->R@-�-&R>%, �-4�")d:@6&%�->)&�1!DFDF"%�-1!��.�&c�-&R���H>),'�<.�1!�e@-1J.�"��6&%45,'7N"%(��0.�&%@6(�4 s\ > øT6>/?�� 7-1J.�(�&��'a�&).
πh

T-���s�H�6, .�"�7���(
CD

����>),'�-4�./� �<.�&��6&�>%,'�<.�1#�e@-1#.�"��-& s T U*&)�!�#&��-&
πh

&%4�.
Db����, (�"%&R7���(

1
T p �S&��9&). �

|πhû|1,Ω ≤ |û|1,Ω. \�� T �!�<a
D V���@6.�(�&+7���(�. �

Û =
r
V

= θ
r
v + (1 − θ)

r s πhû
= θû + (1 − θ)

t ?û
= û + (1 − θ)(

t ?û− û).

\�� T �o��a

p .c7���(c4�@-1#.�& �
|Û |21,Ω =

〈
Û , Û

〉
1,Ω

= |û|21,Ω + (1 − θ)2| t ?û− û|21,Ω
+ 2(1 − θ) 〈 t ?û− û, û〉1,Ω

= |û|21,Ω − 2(1 − θ)|û|21,Ω + 2(1 − θ) 〈 t ?û, û〉1,Ω
+ (1 − θ)2| t ?û− û|21,Ω.

\�� T �<�'a

� �
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C∗ � .�&)�!�!&Od:@6&

〈 t ?û, û〉1,Ω ≤ C∗h2|û|21,Ω. \ � T � � a
p .F�ÃV���7-(�C)4F�!�T>%,'�<.�1!�e@-1#.�"��-&s�ÂV;,'7N"%(��0.�&%@6( t ? � 1#�*& <61#4�.�&S@6�-&s>%,'�-4�./� �<.�&q4�.�(�1#>).�&%DF&%�<.r79, 4�1#.�1 ] &
CT ? � de@-1��-&R�-"%7N&%�6�qde@-&=�-@S�-,'DE� 1!�-& � .�&%�!�#&�de@-&

| t ?û− û|21,Ω ≤ (1 + CT ?)2|û|21,Ω. \ � T � j<a
UWV�")de@���.�1#,'� \ � T �<�'a*1#DE76�!1!de@-&P�-,'�->

|Û |21,Ω ≤
(
1 − 2(1 − θ)(1 − C∗h2) + (1 − θ)2(1 + CT ?)2

)
|û|21,Ω. \ � T � � a

� 1#�-4�1 � 7N,'@-(Z.�, @6. h < 1√
c∗

&).
θ ∈

]
1 − 2

1 − C∗h2

(1 + CT ?)2
, 1

[
�

k∗ =
√

1 − 2(1 − θ)(1 − C∗h2) + (1 − θ)2(1 + CT ?)2 < 1. \�� T � �<a
D V;,!mS�ÂV;1!�-")$<� �!1J.�" \ � T � �'a�T �

� ��
  ������� ���� @5�'&F� � E � � � � E ��� !/�+� $��'� � �X� �B�:�Q! � �%S �3� 	 �'� !/�I���3� ! � & C � � � 	 � �I��S ��!-!/� � � � ���
�"!�#%$'&F�I! � ��� � �%� 0�� �������3�*7Z�'���)� � �%�����K���'�K� �/�

h
S �3� �

0
�<��� � ��L � ( C ������� �X� � �:�

k∗
7 � �T���3� � � �8S �

� �=� $��'� � �X� � �:� � � C � ��C�� � � � �X� ��2�0 > C � 	 � . 	 0
� �[�0�
	�	  � ��� ����� ���'� C4C�� ��� E ��� � � C � ����&��3� ��� �:����� � ��(e� � �X� �

θ
S�$3� � � � � ���9#�� C�� �*#�������� �:� � �

C � ��C�� � � � �X� � C � $�!�$��:�'�����60 � � ���9� � �%�}�
(û0, v0) ∈ H1

0 (Ω) ×H1
γ(ω)

0�� �!� � ��7 � �-�'� � ���=��$�!'�:�
���'�����
(ûm, vm) ∈ H1

0 (Ω) ×H1
γ(ω)

��$ � � � � C � �
�
C�� �:�R� � �:�8�'��� � �3�

m ≥ 1
7

(ûm, vm) = T ?
θ (ûm−1, vm−1; 0), \�� T � �'a

! � �%S �3� 	 � S �3� �
(0, 0)

0

R����'�8S �60 U��P�-")DE,'�64�.�(���.�1#,'�R&%4�. &%�+.�,'@6.p7N,'1!�<.M� ��� �#,'$'@-&Q5>%&)�!�!&K�-@�>%,'(�,'�!�!� 1!(�&K�JT  P7�� $ & �  JT � � 73�
7N&%�!, �-4�de@ÃV;1!�N4�V�� $'1J.�-@�D k%DF&c(�"%4�@-�#.���.*de@-&O��� �-4��!&c>�� 4�>%,'�<.�1#�e@ � ,!m��ÂV;,'�F>%,'�64�1!�6C%(�&P�ÂV;,'7N"%(��0.�&%@6(
Tθ

� @s�!1#&%@s�-& T ?
θ

T
�

� ��
  ������� �� �� ��S � �'��� �:� & � ��� �/�3� E ����7�� � � �*� �H� ( � �3����7 � �Q� ��� �:� �X� � ���I�"!�#%$'&F�E����( �*�+� � � ���
\ � T¦�'� a ���3� ��� �ME �[�60���� ��$'& � � �3� ��� � �X� �q� $3�/$��)� � ��� �<��� � � � !����B# � & � 	 �'�}�

(f = 0)
0 R � �2� � � !����

	 $'� $3��� � 7 �*� �'��� � �:� ! � � � � ��$3���3� � �-�'� � ���
(ûm − û0, vm − v0)

0

� �[�0�
	�	  � ��� ����� �"!�!/�q��� � �'& &b�P.10$# 7 ��L ��� � ! � � $ �:� � ��� �2� �X� � C�� �:� � � �"!�#%$'&F� ���'& �*; � � �"!3���3�
\ � T@��b'a ��$�! � � � �9�:� !/� �*� �9���P�"!�#%$'&F�b���)( �*�+� � � ��� \�� T¦� �'a 0
 �0��� ����� ����� � ���%   � � ( � �3��� �8�}� ��� �ME ���&� � � !3� �X� �

ûh ∈ Uh

S�$3� � � �����
∫

Ω

∇ûh · ∇wh =

∫

Ω

fwh +

∫

γ

∂v?

∂n
wh, ∀wh ∈ Uh.

\ � T �!b'a

� �
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� �
v? ∈ H1

γ(ω)
���3� ��$ � � � � C � �

{
−∆v? = f

�<��� �
ω,

v? = ûh
�'�2�

γ′.
\�� T �  <a

�<�2� ���'&b�'���H� � �*7 � � C � � 	 � �'&b� \�� T���b<a �

(ûh, v
?) = T h

θ (ûh, v
?; f)

�4��&b�3� ��� �8� �ME ��� C���� ��� � (2�60
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ûk−1
h

4�@6(
γ′h′ � &).57N,'4�&)(

κkh′ = θκk−1
h′ + (1 − θ)ûk−1
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-0/�632;<&(-&�(<.s(�&�638N&�13.E2NM'&�%F&�(<.=-6&�6=%?+�.�(P2F1%&�6
nx × nx � ny × ny

&3.
nz × nz6)?V%'/).�(32FHJI-&�6 � .�(32F-O27+5<',5(4+5)!&�6G&3.!-0/�>0(02!&�6l8N,&6P2#.E2NM'&�6 �Gp$)F)#&�6 6�,&(<.!)!&�6$%:+�.�(32;1%&�6�--&5(32F<52F-02J.E/i+5636�, 1�2F/%&�6+5I=<c%?+52;)F)7+Q<'&�6K%E,&(6, -02;%E&�(0632#,&(0(-&�)F6K--&�6�+6<2&�6�--&�6

x � --&�6 y &).�--&�6
z
� D &'% k�%F& � Mx � My

&3.
Mz

6�,&(<.K)!&�6B%?+�.�(32F1)&�6B--&�%?+5636�&�1),'(�(�&�6P89,&(O-4+5(<.\+QI=<	%?+52F);)7+5<'&�6i%F,&(-,V-02;%E&�(0632#,&(0(-&�)F6�--&�6D+M<6&�6
--&�6

x � --&�6 y &).r--&�6
z
�qp$)F)!&�6B6�,&(<.P(�&�638N&�1).32;M &�%F&�(<.D-6&�6r%:+�.�(32;1%&�6

nx × nx � ny × ny
&).
nz × nz6)?V%'/).�(32FHJI-&�6 � .�(32;-027+Q<',&(4+5)#&�6K&).�-0/�>4(O2!&�6h89,&6P2#.32;M'&�6 � � &\6)?V%Y>N,&)!& ⊗ -O/�632;<&(-&K)!&D86(�,V-0I02#..�&�(06�, (32!&�)

--&�%:+�.�(32;1%&�6 � -0/�>4(O2!&�80+ (�sb8N,&I-(P.�,&I06P&�(<.E2#&%(36K6�.�(32F13.�&�%E&�(e.D89,5632#.32;Ck6
m � n � k &).

l
� ; ,&I-(P.�,&I6.�&�6

%?+�.�(P2F1%&�6
R = (rij) ∈ Mk,l(R)

&).
S = (sij) ∈ Mm,n(R) �

R⊗ S :=




s11R . . . s1nR
. . . . . . . . .
sm1R . . . smnR


 ∈ Mkm,ln(R).

^ � � �Abua

��� 
  �� ��� � �� � � �IS�$�� � ��� ����! �*��� & � ��� E � � ����� � ��� !���� � L ��� � � � �"!�� $�� � � ��� �"! �P�8� � � ! � & � ����� �

v&v



����� � � � ��� ��� ��� � � ��� � ��� 	 ��� ����� � ��� � � � 	 � ��� � ��� � � �
	 � � � � � � � � ��� ��� � �� 	 � ���� � � � � ���

!�# ��!'�8� � � � � � � !�� �O� � � � !�� �"! � ��7 ��� � & ��� � � ! � �
Ax
7
Ay

� �
Az
� ! ��� ��$ � � �"� � C ���

�

Ax =
1

hx

� � � � � � 	 {−1, 2,−1} , Mx =
hx
6

� � � � � � 	 {1, 4, 1}, ^ � � �  &a

Ay =
1

hy

� � � � � � 	 {−1, 2,−1} , My =
hy
6

� � � � � � 	 {1, 4, 1}, ^ � ��b!�&a

Az =
1

hz

� � � � � � 	 {−1, 2,−1} , Mz =
hz
6

� � � � � � 	 {1, 4, 1}. ^ � ��bo� a
� ��� � ��� !���� � L ��� � � � �"!���$�� � � ��� �"! ��� ! ����� � � ! �'& � 7 C ��� ��& $�� � $ ��C ��� ��� � �'� � � � �

(hx,j)1≤j≤nx−1

7
(hy,j)1≤j≤ny−1

� �
(hz,j)1≤j≤nz−1

7 ! � � & ��� � � ! � �<� ! ���H� ! �%� $ � � C ���
�

Ax =
� � � � � � 	 {− 1

hx,j
,
hx,j + hx,j+1

hx,jhx,j+1
,− 1

hx,j+1

}
,

^ � ��b�&a

Mx =
1

6

� � � � � � 	 {hx,j, 2(hx,j + hx,j+1), hx,j+1} ,
^ � ��b � a

Ay =
� � � � � � 	 {− 1

hy,j
,
hy,j + hy,j+1

hy,jhy,j+1
,− 1

hy,j+1

}
,

^ � ��b jJa

My =
1

6

� � � � � � 	 {hy,j, 2(hy,j + hy,j+1), hy,j+1} ,
^ � ��b v a

Az =
� � � � � � 	 {− 1

hz,j
,
hz,j + hz,j+1

hz,jhz,j+1
,− 1

hz,j+1

}
,

^ � ��b �ua

Mz =
1

6

� � � � � � 	 {hz,j, 2(hz,j + hz,j+1), hz,j+1} .
^ � ��b �&a

p$(�I6.32F);2F6E+Q(e.!)F+�-0/�1%,&%'8N,&632J.E2!,5( ^ � � � �&a � )#&K6 ? 6�.ES�%E&�+Q)F<&/�>-(32;HVI6&K2;6363I:--&D)F+�-02;631)(3/).32F63+�.E2#,&(:-0I
8-(�,&>O)FS�%F&'^ � � � �&ai6 �L/�1)(32#.�6�,&I06�I0(-&\C�, (3%F&O.�(P2F-02F+5<',&(4+Q)!&r84+ (B>0)#, 1�6B--,&(0(0/)&Z84+ (�1)&).�.�&Z/�HJI4+�.32!,&( s




D1 C2 . . . .
C2 D2 C3 . . .

.

� � � � � � � � �
. .

. . Ci Di Ci+1 .

. . .

� � � � � �
Cnz

. . . . Cnz
Dnz







u1

u2���

ui���

unz




=




F1

F2���

Fi���

Fnz




,
^ � ��b!bua

,!m � 8N,&I-( 1 ≤ i ≤ nz � ui &). fi 6�,&(<.�(�&�638N&�13.E2;M &�%F&�(<.Z)!&�6
ièmes

>0)!,V1�6K--&Y)!,5(0<&I-&�I-(36
nxny

--&
u&). F � � ( >O)!,V1�-#�]2;(0-02F1)&

i
1%, (�(�&�638N,&(0-.+QI=<[(-,:&�I0-06D-0Ig80)F+5(

z = (i − 1)hz
�
Ci

&3.
Di

6�,&(<.\)#&�6
%:+�.�(32;1%&�6

nxny × nxny
-0/�>0(02!&�6r80+ (Zs

Ci = (ai,i+1
z + αmi,i+1

z )Mx ⊗My +mi,i+1
z (Ax ⊗My +Mx ⊗ Ay) ,

^ � ��b  ua
Di = (ai,iz + αmi,i

z )Mx ⊗My +mi,i
z (Ax ⊗My +Mx ⊗ Ay) .

^ � �  !�ua
��� 
  �� ��� � �� � � ! � � E � L �*� � L � 	�� ��� � � � �"!�� $�� � � ��� �"! � � �8� � � ! � & � � ����� � !�# ��!'��� � � � � � � !�� � � �*;
� � !�� �"! � ��7 ! � �

�

ai,i+1
z = − 1

hz
, ai,iz =

2

hz
, mi,i+1

z =
hz
6
, mi,i

z =
2

3
hz.

^ � �  o� a

v �



��� ��� ��� � � �����������	� � ����	�
 � � �"� � � � �� 	 � � � � � � � � ���

�� C �����'� � � � � ! � � � � ��� � & ��� � � ! � �
Ci, 1 ≤ i ≤ nz

� ! ���H$ 	 � ��� � � � �'�*��� � S � ��� ���

C = (− 1

hz
+ α

hz
6

)Mx ⊗My +
hz
6

(Ax ⊗My +Mx ⊗ Ay) .
^ � �  �5a

� � &��'& � 7 ��� � & ��� � � ! � �
Di, 1 ≤ i ≤ nz

S � ��� ���

D = (
2

hz
+ α

2

3
hz)Mx ⊗My +

2

3
hz (Ax ⊗My +Mx ⊗ Ay) .

^ � �  � a
; ,&I6(P(P/�6�,5I0--(�&�)!&�6 ?V6�.ES�%E&�)F2;(0/t+Q2!(�&_^ � ��b!bua � ,&([I6.E2;)F2F6�&\I0(-&ZMQ+ (32F+5(<.�&�--&Z)F+�%'/).3@-,V--& ; ToU �

^ R������ � � � � !�� � � �"! � ����� � ����� ! � �F# ��� �4! �+� ! @ � ���%!�� �"! � a�� � )j6 �,+Q<&2#.r-��LI0(-&�%?/3.E@-,V--&=(E+58O2F--& � -0/�M & �)!,5808G/)&D84+�(�)��L/�HJI02;89&K--&���W�� ^�T_h�P I�KM[�� �Om\(�1�2J.�&�&�(=84+ (�.32F1�I0)F2#&%(!)!&�6*.�(3+ MQ+5I3<:-6&
	 W�� [ KMKMH &3.
 W�	 []H��=S�h�Pqh ` �!b � � �6d!�=p$);)!&8&�6�.h-O/�-02;/%&KW�)F+R(P/�6�,&)FI6.32!,&(�-02#(�&�1).�&r--&r6)?V6�.3S�%F&�6i)F2F(O/t+52#(�&�6 &�(:I6.32F);2��
6E+Q(e.�--&�6p.�&�1A@0(02FHJI-&�6 --&i63/�80+ (E+�.32!,&(�--&iMQ+ (P27+5>O)!&�6 ��TO+K1),&%'80)!& <O2J.E/K&�6�. --&i)��;,'(3-6(�&!--& O(N logN)

�
U*&).�.�&�%'/).3@-,V--&�&�6�._>4+56P/%&�6PI-(Y--&�6H.�&�1A@0(02FHJI-&�6_--&�8-(�,���&�13.E2#,&( � --&�(3/�6�,&);I6.E2#,&( 80+ (�.32!&�);)!&r&).Y--&
63/�84+ (3+�.E2#,&( --&�MQ+ (P27+5>O)!&�6r2F(<.�(�,V-0I02#.�&�6K-4+5(06 � W � W � �qS��]^�� [�� � �	� � 0 ` � d � � W�� ^�T_h�P I�KM[�� � �
� � 0 `cj � � j v d�&3.�� W Q�W�� S]KMKMHi\=P��]K�� H `cb!�6d!�; ,&I6(D+58O80)F2;HVI6&%(B)7+_%'/).3@-, -6& ; ToU � W�(-, .�(�&Z6)?V6�.ES�%F&�+5)F<&/�>-(32;HJI-&'^ � ��b!bua � ,&([63I02J.r)!&�% k�%F&
1A@-&�%?2;(-&�%F&�(<. HJI-&i1%&�)FI02V-4+5(06 ` � �Md!� � �;,&>���&�13.E2NC�&�6�.$--&*(3+5%F&�(-&)(j)F+c(P/�6�,5)FI6.32!,&(�-0I�6 ? 6�.ES�%E&Z^ � ��b!bua �--& .A+Q2F)F)#&

N × N
^
N = nxnynz

a � &�( )7+ (3/�6�,&);I6.E2#,&( --& 6)?V6�.ES�%F&�6[--&T.E+52F);)!&�6E(3/�-0I02#.36 � ; );I06
8-(P/�1�2;63/�%E&�(e. � )7+Y8-(�&�%'2FS)(�&�/).E+58N&�1%,&(06P2F6�.�&�WI(3/�/�1%(P2!(�&�)#&�6)?V6�.3S�%F&?^ � ��b!buai-6&�6�,'(�.�&�WY1%&ZHJI-&Z)��;,&(
80I02;636�&h-0/�1%,&I08O)!&%(j)!&�6j>0)#, 1�6j-#�]2;(0-02F1)&�6j84+52!(P6�&). 1)&�I=<�-��L2F(0-O2F1%&�6j2;%?80+52!(P6 �qm\(�6�&*(E+Q%?S�(-&h--,5(01hW

nz8-(�,&>0)FS�%E&�6h--&c.A+52;)F)#&
nxny ×nxny

� � +�--&�I=< 2FS�%F&D/3.A+58N&\1),&(0632;6�.�&\W�(P/�8 /).�&)(�)!&r% k�%F&D8-(�, 1)&�636PI06
8N,&I-(B1t+Q)F1�IO)!&%(h)!&�6�>0)#, 1�6

ui � --&�)#,&(0<&I6&�I-( nxny &�(q(P/�6�,&);MQ+5(<.�--&�6r86(�,&>0);S�%F&�6B--&�.E+52F);)!&
nx × nx

�
; ,5I-(�1%&KC`+52!(�& � ,&(�6PI0808N,&6�&�HJI��L2F)N& < 2F6�.�&KI0(�&�(<.E2#&%(

k ≥ 2
.�&�) HJI-&

nz = 2k− 1
�0m\(=+�/�<u+5)#&�%F&�(<.

>N&�6�,52F(	-0I[)!&�%'%F&\63I02NMQ+5(<.Zs
	 � 
 
 � �� ��� R ! � � � ! � �

i, j ∈ {1, . . . , nz}
7 ��� � & ��� � � ! � �

Ci
� �
Dj

! ! & & � � � ��� 0
R� � �8S � 0 p$(:I6.32F);2F6E+Q(e.!)#&�6!-0/ >4(02#.32!,&(O6l-6&�6h%?+�.�(32F1)&�6

At
&).
Mt′ � t, t′ ∈ {x, y, z} � --,5(0(0/%&�6h84+�(i)#&�6/�HJI4+0.E2!,5(06�^ � � �  ua � ^ � ��bo� a � ,&I:>02!&�(�84+ (l)!&�6h/�HJI4+0.E2!,5(06Z^ � ��b�5a � ^ � ��b �&a$-4+5(06�)#&K1�+56�(-,5(�I0(02NC�,'(3%F& �,&(�M5/%(32�>�&\C`+51�2F)!&�%E&�(<.�HJI-&

At
&).
Mt′

1%,5%?%YI2.�&�(<. � � &�(3/�63I0)J.A+�.8&�(	-0/�1),&I0)!&D2F%'%?/�-027+�.�&�%F&�(<.�&�(
I6.32F)F2;6E+5(<.B)#&�68& <O86(�&�6P632#,&(06D-6&�6�%:+0.�(32;1%&�6

Ci
&3.
Dj

--,&(0(0/)&�6r84+ (B)#&�6�/�HJI4+�.32!,&(O6�^ � ��b  ua*&3.Y^ � �  !�ua �
� m\( 1%,&(O632F-OS%(�&+.�(�,52F6�/�HJI4+�.32!,&(O6D63IO1�1%&�636P2;M'&�6Z-0I.6)?V6�.3S�%F&	^ � ��b!b&a�� m\(g8N,&6�& u0 = unz+1 = 0 �8N,&I-(

i = 2, 4, . . . , nz − 1 � ,&([+	s

Ci−1ui−2 +Di−1ui−1 + Ciui = Fi−1,
^ � �  jua

Ciui−1 + Diui + Ci+1ui+1 = Fi,
^ � �  v a

Ci+1ui +Di+1ui+1 + Ci+2ui+2 = Fi+1.
^ � �  �&a

� >0(�-��L/�)F2;%?2;(-&%($)#&�6i>0)!,V1�6l-��L2F(0-02;1%&�6i2;%?84+Q2!(36!--&�6h/�HVI0+�.E2#,&(06�^ � �  jJa � ^ � �  �ua � ,&(:%YIO)#.E2;80)F2#&Z^ � �  jua84+ ( −CiD−1
i−1

&).�^ � �  �uaD80+ ( −Ci+1D
−1
i+1

80IO2F6R,&( C`+52#.�)F+=6�,&%'%E&�+tM &�1:)!�]/�HJI4+�.E2#,&( ^ � �  v a ��m\(,&>6.32!&�(e.Zs48N,&I-(
i = 2, 4, . . . , nz − 1 �

−CiCi−1D
−1
i−1ui−2 + (Di − C2

iD
−1
i−1 − C2

i+1D
−1
i+1)ui −

Ci+1Ci+2D
−1
i+1ui+2 = Fi − CiD

−1
i−1Fi−1 − Ci+1D

−1
i+1Fi+1.

^ � �  �5a

v �



����� � � � ��� ��� ��� � � ��� � ��� 	 ��� ����� � ��� � � � 	 � ��� � ��� � � �
	 � � � � � � � � ��� ��� � �� 	 � ���� � � � � ���

m�(o+g+52;(0632K,&>6.�&�(JInI0(R6)?V6�.3S�%F&�(3/�-0I02#.�--&
2k−1 − 1

/�HJI4+�.E2#,&(06�--,&(<.Y)#&�6�2F(01),&(0(JI-&�6Y6�,&(<.�)!&�6
>0)!,V1�6

ui
-��]2;(0-02;1%&�6�84+52#(36 � � (-&�C�,&2;6�1)&?6 ?V6�.ES�%E&F(3/�6�,&);I � )!&�6�>O)!,V1�6 uj � -#�]2;(0-02F1)&�6Z2F%'84+52#(36 � 6�,5(e.,&>6.�&�(JI06P&�(q(P/�6�,&);MQ+5(<.r)!&�6 ? 6�.ES�%E&Z-02F+5<',&(4+Q)U84+ (B>0)#, 1�6B63I02NMQ+5(<.Zs

Djuj = Fj − Cjuj−1 − Cj+1uj+1,
8N,&I-(

j = 1, 3, . . . , nz − 2, nz.
^ � �  !bua

� & 8-(�, 1)&�6P63I06	-��L/�);2F%'2F(4+�.32!,&( HJI02K(-,&I06	+ 1),&(0-0IO2#.	+5I 6 ?V6�.ES�%E& (P/�-0IO2#. ^ � �  �&aE&�6�.�(P/�8 /).E/
(k − 1)

C�,52F6 �PI063HJI��]Wg1)&:HJI��;,&(o+5>N,&I6.32F6P6�&?WXI0(-&'6�&�I0)!&?/�HJI4+�.32!,&(c--,&(<.�)��L2F(01),&(0(JI-&F&�6�.Y)!&�>0)#, 1
-0I*%'2F);2!&�I � 1)&�)FIO2�-��L2F(0-02;1%&	84+52#( nz+1

2
= 2k−1

� ; );I06�8-(3/�1�2;63/�%F&�(<. � 6�,&2#. r I0( &�(e.32!&)(YM&/%(P2@>b+Q(e.
0 ≤ r ≤ k − 1

� � 8-(3/�6�&�(<. � )��L2F(0-02;1%& i = 1, . . . , 2k−r − 1
���P, .�,&(06�84+ (

C
(0)
i·2r = Ci·2r � D(0)

i·2r =

Di·2r

&). F (0)
i·2r = Fi·2r

� � 8-(3S�6
r
/�)F2F%'2F(0+�.E2#,&(06Z--&�. ?V89&c^ � �  �&a � ,&(n6�&�(3+5%'S�(-&=W IO( 6 ?V6�.ES�%E&

(3/�-OI02#.r--,&(<.K)!&�6B2F(01),&(0(JI-&�6K6�,&(<.r)!&�6
2k−r − 1

>0)!,V1�6�^k1A@4+51�I0( &�6�.K--&�)#,&(0<&I6&�I-(
nxny

aB-#�]2;(0-02F1)&�6
1 · 2r, 2 · 2r, 3 · 2r, . . . , (2k−r − 1) · 2r = nz − 2r + 1

�ZU*&Z6)?V6�.3S�%F&+&�6�.K--,&(0(0/Z84+�(�s



D
(r)
1·2r C

(r)
2·2r

C
(r)
2·2r D

(r)
2·2r C

(r)
3·2r

C
(r)
3·2r D

(r)
3·2r

� � �

� � � � � �
C

(r)

(2k−r−1)·2r

C
(r)

(2k−r−1)·2r D
(r)
nz−2r+1







u1·2r

u2·2r

u3·2r

���

unz−2r+1




=




F (r)
1·2r

F (r)
2·2r

F (r)
3·2r

���

F (r)
nz−2r+1




,
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α

∫

ω

vh′w +

∫

ω

∇vh′ · ∇w =

∫

ω

fw, ∀w ∈ Vh′ w|γ′
h′

= 0,

vh′|γ′
h′

= κh′.
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Vh′ = {vh′ ∈ C(ω), ∀Q̃ ∈ Λh′, vh′| eQ ∈ Q1(Q̃)} ⊂ H1
γ(ω).
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αv − ∆v = f

-0+5(06
ω,

v = 0
63I6(

∂ω.
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(x, y, z) ∈ ω 7−→ (r, ψ, φ) ∈]R,R + ε[×[0, π] × [0, 2π[ �.�&�);)!&�HJI-&





x = r sinψ cosφ,
y = r sinψ sinφ,
z = r cosψ,
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αv − 1

r2

∂

∂r

(
r2∂v

∂r

)
− 1

r2 sinψ

∂

∂ψ

(
sinψ

∂v

∂ψ

)
− 1

r2 sin2 ψ

∂2v

∂φ2
= f,

v(R,ψ, φ) = v(R + ε, ψ, φ) = 0.
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(`,m) ∈ N × Z � .�&�)HVI6& |m| ≤ `
� p$)F)#&�&�6�.r-0/ >4(02#&�80+ (�s

Y m
` (ψ, φ) =

√
2`+ 1

4π

(`−m)!

(`+m)!
Pm
` (cosψ)eimφ,
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v(r, ψ, φ) =

∞∑

`=0

|m|≤`

v`m(r)Y m
` (ψ, φ), f(r, ψ, φ) =

∞∑

`=0

|m|≤`

f`m(r)Y m
` (ψ, φ).

^ � ���!� �&a

p!( %YI0)#.32F80);27+5(<._^ � ���!���ua\84+�( r2
&).+&�(RI6.E2;)F2;6E+5(<.�)!&_C`+52J.�HJI-&?)��L@4+ (P%E,&(O2FHJI-&_638O@0/%(P2FHJI-&

Y m
`

&�6�.
6�,&);I6.E2#,&(=--&�s

− 1

sinψ

∂

∂ψ

(
sinψ

∂Y m
`

∂ψ

)
− 1

sin2 ψ

∂2Y m
`

∂φ2
= `(`+ 1)Y m
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αr2v`m − d

dr

(
r2dv`m

dr

)
+ `(`+ 1)v`m = r2f`m, 0 ≤ |m| ≤ ` <∞,

v`m(R) = v`m(R + ε) = 0.

^ � �@� �FjJa

m�(:6 �;&�6�.�--,&(01�(3+5%F&�(0/KW�--&�6�/�HJI4+�.32!,&(O6h-02 � /)(�&�(<.32!&�);)!&�6, (3-02;(4+52!(�&�6l--,&(<.�)#&�6i2F(01),&(0(JI-&�6h6�,&(<.�)#&�6
C�,&(01).32!,&(O6O(E+Q-027+5)#&�6

v`m
� U*&�6\/�HJI4+�.E2#,&(06K89&�IOM'&�(e.ak3.�(�&Y-02F6P1%(P/).E2;63/)&�6�&�(.I6.E2;)F2F63+5(<.r--&�6\%'/).3@-,V--&�6

638N&�1).�(E+5)#&�6!84+ ( & <2&�%'80)!&��5eK,&2!(  WOQ N�PZh ` � � d089,&I6($)7+\-02;631%(P/).32F6E+0.E2!,5(_--&�6!8-(�,&>0)FS�%E&�6r^ � ���!�Fjuaj84+ (
-02��G/%(�&�(<.E6R. ?V89&�6�-6&'%'/).3@-,V--&�6Z638N&�13.�(3+5)!&�6 ��U*,&(<.�(3+52!(�&�%F&�(<.�+5I=<.1%,:,'(3--,5(0(0/%&�6�1�+ (�.3/�6P2!&�(O(-&�6 � 2;)(���& < 2F6�.�&B84+56j-��,+Q)F<','(P2#.3@0%E&�6�(E+5802;--&�6�--&�. ?V8N& � � � +5-4+Q86.E/�6 +5I=<�<&/),&%?/3.�(P2!&�6j6380@O/%(32;HJI-&�6 � �\I02#.�.�&
W	-O/�M'&�)!,&8O89&)(�--&�6�.�&�1A@0(02;HVI6&�6�89,&I6(�+51�1�/�);/%(�&)(�)!&Y1�+5)F1�I0) � )��LI6.E2;)F2;6E+�.32!,&(	--&�6�@0+ (3%F,&(02;HVI6&�6\6P80@0/ �
(32FHJI-&�6�&�6�.Y1)&%(�.A+52;(-&�%F&�(<.Y)#&?1A@6,&2�<c(4+0.EI-(�&�)l89,&I6(+(P/�6�,5I0--(�&:--&�6�8-(�,&>O)FS�%F&�6�--&F. ? 8N& � [ HiKMKM[ h
�
P m

`
(x) = (−1)m

2``! (1 − x2)
m
2

d
`+m

dx`+m (x2 − 1)` �
� j



��� ��� ��� � � �����������	� � ����	�
 � � �"� � � � �� 	 � � � � � � � � ���

-4+5(O6_--&�6�<&/),&%?/3.�(P2!&:6P80@0/)(32FHJI-&�6 � D +5(O6 ` v �Md � � W  W � [ N�\=PZh��]S���� 8-(�,&8N,&6�&=I0( +5);<','(P2#.E@O%E&
(E+Q802F--&B-O/�-02;/K+QI'1�+5)F1�I0)484+ ($-O/�M'&�)!,&8O89&�%E&�(e.�&�('@4+ (P%E,5(02FHJI-&�6$6380@0/)(32;HVI6&�6 � � )46 �]+5<&2J.$-��LI0(-&5.�&�1A@=�
(02;HVI6&�-6&�6P/�84+�(E+�.32!,&(	--&�6�MQ+ (P27+5>O)!&�6*&).r)��LI6.E2;)F2;6E+�.32!,&(?--& � � � 89,&I6(B)7+�MQ+ (32F+5>0)#&

φ
�

� ,5I���,&I-(P6:-4+5(O6:)!&[% k�%F&[1),&(<.�& <2.�& � %:+52;6�6E+5(06?I6.E2;)F2;6�&%(_)#&�6?@4+ (3%F,&(02;HJI-&�6'6380@O/%(32;HJI-&�6 �  WQ N�PZh ` � � d�&3. � W �RW � S]H � � � � 0 ` j �6d08-(�,&8N,&6�&�(<.l--&�6!%'/).E@6, --&�6 (E+58O2F--&�6!+5-4+586.3/%&�6iW�)F+�(3/�6�,&)FI2.E2!,5(
--&_8-(�,&>0);S�%F&�6�--&H. ?V8N&g^ � �����!buaP&�( 6�&�>4+563+5(<.Z63I-(ZI0( -0/�M'&�)#,&808N&�%F&�(<.=&�( 63/)(32#&�6Z--& � [ ^�Y�HiPZY
--&�6�C�,&(01).32!,&(O6

v
&3.
f
84+ (*(E+5808N,'(�.�WY)7+�MQ+ (P27+5>O)!&

φ
� � ,&I6.8&�(	I6.E2;)F2F63+5(<. � � � � )!&D8-(�,&>O)FS�%F&\+Q2F(06P2

,&>6.�&�(JII&).�--,&(<.$)#&�6�1),2& �'1�2!&�(<.E6 --& � []^�Y�HiPZY 6�,&(<.$6�,&)FI2.E2!,5(06G&�6�.$-O2F631)(3/3.E2F6P/h6�,&2#.�84+ (�)F+K%'/).3@-, -6&
--&�6K-02 � /)(�&�(01%& >4(02#&�6a` j �Ad � 6�,&2J.�84+ (BI0(6&�%'/).3@-,V--&�638N&�13.�(E+Q)!& ` � � d��
� � � � ����� � ���M
 ��	 � � � �����
	��	�� −ε �

� +Q8089&�)!,&(O6�HJI-&i)!&$C`+52J. --&�(3+5%F&�(-&)(�)#&!8-(�,&>O)FS�%F&!2F(02J.E2F+5)!&�%E&�(e. 89,563/l-4+5(06�)!&!--,&%?+52;(-&!89&)(PC�,'(P/
Ω \B &�( I0(g8-(�,&>O)FS�%F&Z-0/�>0(02�-4+Q(06D)#&�--,5%:+52;(-&

Ω
&�(g6�,&(T&�(06�&�%Y>0)#&�2;(e.�(�,V-0I02J.KIO( 6E+5I2.\--&�)7+

-0/)(32;M5/%&r(-,'(P%:+5)#&B--&r)7+�6�,&);I6.E2#,&('WR.�(E+tM'&)(36i)7+�63I-(�C`+51%&
γ � )!&�>N,'(3-'-0IE.�(�,&I

B
� � &�8-(�,&>O)FS�%F&�)!,V1t+5)

^����
D −  a!+�/).3/D2;(e.�(�,V-0I02J.i-0+5(06h)#&K>OI6.�-��]+58086(�,V1A@-&%(i1%&D63+5I6. � � I�)F2#&�I'--&�(3/�6�,&IO--(�&K1%&D86(�,&>0);S�%F&

84+ (?)��LI0(-&[--&�6:%?/3.E@-,V--&�6?8-(3/�6�&�(e.3/%&�6=-4+5(06�)F+c6�&�13.E2!,5(d8-(3/�1�/�--&�(<.�& � ,&(d8N,&I-(�(E+�(�&�%'80)F+51%&)(?)F+
(3/�6�,&);I6.E2#,&(n)!,V1t+Q)!&'-4+5(06

ω
^`1���&�6�.)� W6� -O2!(�&:)��L/).A+Q89& ��� --&=)��]+5);<','(32J.E@0%F&'--&=)7+ 6�&�1).32!,&( � � � � �&a�84+�(

I0(R1t+5);1�I0)!80);I06�6P2F%'80)!&I.�&�)!HJI��]IO(o-0/�M &�)#,&808N&�%F&�(<._+56 ?V%?86.�, .E2;HJI-&?-6& ∂v
∂n

� � (-&'%:+5(O2FS%(�&'+5636�&	�
632;%?8O)!&\--&Z)#&\C`+52!(�&�&�6�.D)F+Y63I02NM5+Q(e.�&�s

m\(c8O)7+51)&_)7+:C�(�,5(e.32FS)(�&�+ (�.E2@>01�2!&�)F)#&
γ′

.�,&I2.�8-(3S�6Z--&
γ
� ; + (R& <6&�%?8O)!&_-4+5(O6�)!&_1t+Q6=, m

B
&�6�.

I0(-&�>9,5I0)!&�--&�(3+F?',&(
R � ,&( 86(�&�(O- γ′ I0(-&�6380@OS%(�&�--&Y% k�%F&�1)&�(<.�(�&YHJI-&

B
&3.D-6&H(E+F?',5(

R + ε+tM'&�1
ε << R

^kM',52!('>4<&I6(�& � ��bua �

� H�� W � ��b � � 8O8-(�,V1A@-&Z632;%?80);2@>4/)&��
D +5(06�IO(.8-(�&�%?2#&%(P.�&�%'806 � ,&(.6 �L2F(<.3/%(�&�636�&'6PI-(�.�,&I6.Z+QI=< MQ+ (P27+�.32!,&(065(3+5-027+Q)!&�6K--&Y)F+:6�,&);I6.E2#,&(��� +�(�&�6�.�(P2F1).32!,&(�HJI-&�)��;,&(�1%,5(0632;-0S%(�&c&�6�.i--&�63I08O89,&6�&%(

v
(3+5-027+Q)!& � 1)&KHJI024(-,5I06!89&)(3%F&).!--&5(3/�6�,&IO--(�&

& < 80);2F1�2#.�&�%E&�(<.!)!&�8-(�,5>0)FS�%E&�)!,V1t+Q)��Gp$(b& �}&3. � 1%&�)FI02 � 1�20--&�MV2#&�(<.�I0(?8-(�,5>0)FS�%E&B6P2F%'80)!& �_I0(02F-O2F%F&�(=�
632#,&(0(-&�) � &).�1%& � &�( (3/�/�1%(P2;MQ+5(<.�)!&'8-(�,&>O)FS�%F&X^����

D −  aR&�(o1%,:,'(P--,&(0(0/)&�6�6380@0/)(32;HVI6&�6H&3.�&�(o(-&
<u+ (P-4+5(<.$HJI-&�)F+D84+ (�.E2#&*(E+Q-027+5)#&i-OI � +Q80)7+51�2!&�(��Qm�(_6�&Z(E+Q%?S�(-&�--,&(O1BWD)7+P(3/�6�,&)FI2.E2!,5(�-0I_8-(�,&>0);S�%F&
63IO2;MQ+5(<.�s





αv − 1

r2

d

dr

(
r2dv

dr

)
= f pour r ∈]R,R + ε[,

v(R) = 0 , v(R + ε) = û(R + ε),

^ � ���!� v a

� v



����� � � � ��� ��� ��� � � ��� � ��� 	 ��� ����� � ��� � � � 	 � ��� � ��� � � �
	 � � � � � � � � ��� ��� � �� 	 � ���� � � � � ���

+5I0HJI-&�)p,&([89&�I6.K1A@-&%(P1A@-&%(KI0(-&�6�,&);I6.E2#,&([+5808-(�, 1A@0/)&�&�(XI6.32F);2F6E+Q(e.�-6&�65.�&�1A@O(02FHJI-&�6D1�)F+5636P2FHJI-&�6K--&
(3/�6�,&)FI2.E2!,5( (JI0%?/)(32;HVI6&Y--&�6�/�HJI4+�.E2#,&(06\-O2��G/%(�&�(<.E2!&�)F)#&�6c,'(3-02;(4+52#(�&�6 � ,5I >02!&�(.)!&+(3/�6�,&I0--(�&I& < 80);2F1�2 �
.�&�%F&�(<. � ; +�(�& <2&�%'80)#& � -4+5(06\)#&�1�+56 α = 0 � )7+?6�,&)FI2.E2!,5(g-0I 86(�,&>0);S�%F&=^ � �@� � v a8&�6�.\--,&(0(0/)&Y84+ (
)��;& < 8-(�&�636P2!,&([63I02NMQ+5(<.�&�s

v = (1 − R

r
)(1 +

R

ε
)

[
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a1

1),'(�(�&�6P89,&(O-=+5Ib.�(32F8O)!&).
(iP , jP , kP )

� � (6&D%?+5(02FS)(�&5.�(PS�6h6P2F%'80)!&�8N,&I-(h+5808-(�, 1A@-&)(
∫

Cs

ξkh′ϕi
&�6�.K-#�]I6.32F);2F6�&)(�1%&3.�.�&�C�,'(P%YI0)#&\--&ZHJI4+5--(3+�.EI-(�&�s

∫

Cs

ξkh′ϕi ' |Cs|ξkh′(c)ϕi(c),
^ � ��� � � a

,!m
c
-O/�632;<&(-&i)!&l1%&�(<.�(�&h-6&h)7+�%?+52F);)!& Cs � eK,&2#(�)!�,+Q(0(-& <2& � 8N,&I-(�-��]+5I6.�(�&�6�C�,'(3%YIO)!&�6 --&iHJI4+5--(3+�.EI-(�&

80);I06B8-(3/�1�2;6�&�6 �
� �



����� � � � ��� ��� ��� � � ��� � ��� 	 ��� ����� � ��� � � � 	 � ��� � ��� � � �
	 � � � � � � � � ��� ��� � �� 	 � ���� � � � � ���

����� �R��U�� �'�	� ��
]���?�=��

"$#��$#)( 	�2
	�.�� �8. * 482�� 57.	�70� � 5 �n-/. 4��u2
� 2���� ����� #�� � � � -  �,2�� . 030=2��
���,.	�u5��
572�� .��=9=4 *  � 2O0V#

m\(�8-(3/�6�&�(<.�&i2;1�2u--&�I=<�.�&�6�.36j(JI0%'/%(P2FHJI-&�6�--,&(<.�)��;,&>���&�1).32;C2&�6�.�--&!%F,&(<.�(�&%( HJI��,+tM &�1h)F+�%?/3.E@-,V--&
--&D)F+ZC�(�,&(<.E2FS)(�&r/�)F+ (3<&2#& �	 �	�� 	 � &).*&�(�I2.E2F);2F63+5(<.!)!&r6�,&)NM'&�I6(�(3+5802F-6&K-0/�1%(P2#.i-4+5(06i)7+Z6�&�13.E2#,&( � � � ��� �,&(o8N&�I6.=.�(3+52#.�&%(Z)!&'1t+56+,!m )!��,5( +[I0(o(-,&%�>-(�&'2F%'89, (�.A+Q(e.Z-6&:84+ (�.E2;1�I0)#&�6R.�,&I6.+&�( <u+ (3-0+5(<.�I0(
.�&�%'806�--&Z1t+Q)F1�IO)�(E+52;6�,&(0(0+5>0)!&��

D +Q(06 1%&�6$--&�I3<H.�&�6�.36$(VIO%?/)(32FHJI-&�6$)!&i--,&%?+52F(-&l--&B1�+5)F1�I0)
Ω

&�6�.!)!&i1�I0>N&
]−1, 1[×]−1, 1[×]−

1, 1[
�bm\([6 �L2F(<.E/)(�&�6P6�&�W')F+H(3/�6�,&);I6.E2#,&(=-0I[8-(�,&>O)FS�%F&

{
−∆u = 1 dans Ω \B

u = 0 sur ∂(Ω \B) = Γ ∪ γ
^ � �@� �AjJa

,!m
Γ = ∂Ω � γ = ∂B

&).
B

&�6�.YI0(-&�1),&)F)#&�1).32!,&(c--&
163

>N,&I0)#&�6 � --&:%lk�%E&F(E+F?',5(
R = 0.06 �-02F6P89,&6P/%&�6�-#�]I0(6&'%?+5(02;S%(�&Y+5);/t+�.�,&2!(�&+.�,5I6.R&�( 2F%'8N,&6E+5(<.D)!&�C`+52J.�HJI��;&�)F)#&�6\(6&'6 �]2;(<.�&%(P6�&�1).�&�(<.�80+56 �

� +	%'/).E@6, --&_-6&F(P/�6�,&)FI6.32!,&( &�6�.�)��]+58086(�,V1A@-&�632F%'80);2@>4/)&�--&�)7+=%'/).3@-, -6&_--&�)7+�C�(�,&(<.32FS%(�&_/�)F+ (3<&2#&
^`1�C��J84+�(E+5<'(3+580@-& � � � � �&a � +tM &�1 θ = 0.98

&).
ε = R

10

� D +5(06l)7+ >4<&I6(�& � �  R,&('8-(3/�6�&�(e.�&\63I6(i)F+Z80+ (�.32!&
] − 1, 0.5[×] − 1, 0.5[×] − 1, 0[

-0I[--,&%?+52F(-&
Ω
)7+_6�,&)FI6.32!,&(=1�+5)F1�I0)F/)&

u
�

� H�� W � �  � � +_6�,&);I6.E2#,&(=1t+5);1�I0);/%&�� � H�� W � ����� � � 6�,&63I6(PC`+51)&
u = 0

�

� +f>0<&I-(�& � �����X8-(P/�6�&�(<.�&=)!�]2;6�,&6PI-(PC`+51)& u = 0
� ; I02;63HJI��;,&( +X8-(P2F6�--&�6Y1),&(0-02J.E2#,&(06Z--& � HiY�H@g

LON�\3P I @6,&%E,5<&S�(-&�6�63I-(�)F+:C�(�,&(<.32FS%(�&
Γ
-6&

Ω
&3.Z63I-(�)F+:C�(�,&(<.32FS%(�&Y--&

B
^ (P/�I0(O2!,&(.--&�6Z>9,&IO)!&�6Ea �,&(X8N&�I2.K1),&(06�.A+�.�&%(�HJI��,+tM &�1�1)&).�.�&Z2F6�,&63I-(�C`+51%& � ,&([+'8OIS(�&�1),&(06�.�(3I02#(�&Z)!&�-6,&%:+Q2F(-&\8N&%(�C�,'(3/��

D +Q(06 )7+�--&�I=< 2FS�%F& & < 8 /%(P2!&�(O1%& � ,5(=(�&�C`+52J.)!&$% k�%F&M.�&�6�.�(JI0%'/%(P2FHJI-&$%?+52F6+tM &�1
343

80+ (�.32F1�IO)!&�6
-02F6P89,&6P/%&�6K-��LI0(-&Z%?+5(02;S%(�&�6�.�(PI01).3I-(3/)&�� � &=(P/�6PI0)#.E+�.5&�6�.P(�&�8-(P/�6�&�(<.E/�84+ (B)!&�6v>4<&I-(�& � �@�!�R&3. � �@� � �

�!b
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��� � 
 � � � ��� 
 ���

� H�� W � ���!� � � +g6�,&);I6.E2#,&(c1t+5);1�I0);/%&:-0+5(06�)#&
1t+Q6r-6&

343
84+ (�.E2;1�I0)#&�6 � � H�� W � �@� �� � 6�,563I-(�C`+51%&

u = 0
�

�  
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� �

� � ����� �������� ��� ������
�
�� ��
 ��� ��� �"! 
�#$��� � �%����&�
���'
 ��� ( )+* )-, )

.0/+121�3547698
:	;=< >@?BACAED�FHGIDKJMLCDNF=JMLCDPORQCSUTV?WTYX=SZQ	O[;\;];^;\;];\;\;];\;^;\;];\;\;];\; _U`:	;a` bcOdTYXfeg?WTYX=ShQiGHjkDNlmlnDNLCl�;];^;\;\;];\;\;];^;\;];\;\;];\;^;\;];\;\;];\; _Bo:	;ko p0?UFfXqGI?WTYX=ShQCOrQsLIegtNlnX=JMLCDPOu;\;\;];\;\;];^;\;];\;\;];\;^;\;];\;\;];\; _Bv

� � � ��� w	xdy7z5{N|B}�~��7�a�P|Ux��U�n{Uy��ax��V���W��x��s� |B{Ux���~dy����k|Bz7�a��{u�a���V�n�ax�x��B����z�x ���
� � � ��� w	xdy7z5{N|B}�~��7�a�P|Ux��U�n{Uy��ax��V���W��x��s� |B{Ux��n�B�B���d�W�k}R�nz7�a��{��Bx ∂v

∂n

∣∣∣∣
γ

���

�h�



����� ��� � ��� � �	��
 ���� � ��������������� � � ����
������ ��� 
 	 � � ��� 
 � ������� � � ��� ������� ��!"�
� �$# % �Z�[�.�B�'&=� �?�=�B���?�=��( �	�Z�����*)����+(

m\(g2;(-,/.10V-0I022,
Ω?

1$0&%?%43Z/$,E+5(-,D)53�660&I06�7 -80&%?+52;(83Z-83
Ω \B -0/:94(02�84+;.

Ω? = Ω \ (B ∪ ω) <=O+�C�.60&(-,E2;S>.13
∂Ω?

3�66,
Γ ∪ γ′ ^k1�C < 94<5I8.13@? < � a <

γ ’ Ω

Γ

ω
γ

B

n

n̂

ACB�DFE ? < �HGJI 0&(�94<&I8.3+K,E250&(=<&/>05%?/:,/.32;HJI83 <
m\(+.E+58O8�3�)F)�3\+5I0636P2 HVIL3's
• Uh ⊂ H1

0 (Ω)
3�66,r)NMO3�6384+51$3Z-PM,+Q8088.10�Q 2F%?+K,32�0&(�80+;.B/�);/�%43�(-,E6R94(O2F6�-PMS0�.3-8.63

1
^
Q1

0&I	/�M;3�(�7
,EI83�)F)53�%43�(-,

P 1
ah-0IX8L.10&>0);S�%43�<&)�05>4+5) <

• (û, v) ∈ H1
0 (Ω) ×H1

γ(ω)
3�6T,K)F+Y610&);IL,E250&(=-0I[88.105>0)FS�%U3�1$0&(-,E2F(JI s

VWV
D :





X :

{ −∆v = f dans ω,
v|γ′ = û|γ′ ,

Y
: −∆û = f +

∂v

∂n
δγ dans Ω.

^Z? < � a

• (u?, v?) ∈ H1
0 (Ω) ×H1

γ(ω)
3�6T,r)7+Y6105)FIL,32�0&(=-0I[88.60&>0)FS�%U3Z+QI�Q 2F)F2F+52�.63�s

VWV
D − �

:





X :

{ −∆v? = f dans ω,
v?|γ′ = πhu

?
|γ′ ,

Y
: −∆u? = f +

∂v?

∂n
δγ dans Ω.

^Z? < �&a

• (ûh, v
?) ∈ Uh ×H1

γ(ω)
3�66,K)7+Y660&)FI�,E2�05(=-0IX8L.10&>0);S�%43\613�%?2[7 -02;631$.13$,Zs

VOV
D − \ :





X :

{ −∆v? = f dans ω,
v?|γ′ = ûh|γ′ ,

Y
:

∫

Ω

∇ûh · ∇wh =

∫

Ω

fwh +

∫

γ

∂v?

∂n
wh, ∀wh ∈ Uh.

^Z? <O] a

^ 3�6�0&8 />.3+K,/3�I8.36�_a`cbd`ceU`fe ? 3:,He
h

660&(-,r-0/$94(O2F6�84+;.�)�3�6F3:Q 88.63�636P2�0&(O6K6PI02;MQ+5(-,/3�6�s
_

: H1
0 (Ω) −→ H1

γ(ω)
û 7−→ _

û,
660&)FIL,32�0&(=-L3

(
VWV

D − X ),
^Z? < ?Ja

� �



� �����	��
 ���� � ������� � � ��������
��
b

: H1
γ(ω) −→ H1

0(Ω)
v 7−→ b

v,
660&)FI�,E2�05(=-83

(
VWV

D − Y
),

^�? < v a
e

=
b	_

,
e ? =

e
πh

3$, e
h = πh

e
.

^�? <�� a

� ��� � (U�*)�� ���*)���� &�� ��
j
j����

^ MO0&>��63�1$,32;Cl-83Y1$3$,6,/3_613�1$,32�0&(a3�66,Z-83_%40&(-,/.63>.DHJI83K`U)�0V1t+Q)�3�%43�(-,Y^`-4+Q(06

Ω? := Ω \ (B ∪ ω)
a:`

)7+ �
	 �	�� 	 3�6T,�- MO0�.P-8.13 058L,E2;%:+5)�^ +5I 663�(06�-83�)7+�%'/$,3@80 -L3_-83�6Z/�);/�%43�(-,E6 94(O2F6�1�)F+5636P2FHJI83�6Aa:` 3:,
1>3K`�3�(./$,E+5>0)F2;6363+5(-,DI0(L3 3�6T,E2;%:+K,32�0&([-83�) MS3>.1.63�I8. ‖û− ûh‖1,Ω? <
	 0;,/05(06DHJI83Y)53�-L0&%:+Q2F(83 Ω?

3�6T,
88.60 1A@83_-L3

Ω \B ,A+5(-,ZHJI83_)53Y1A@80&2[Q -83
γ′
^Z3:,�-80&(O1_-83

ω
a�3�6T,Z)F2;>8.13 < m\(a.E+Q808�3�)F)53Y+5I06P632 HJI83K`-4+5(O6lIO('8L.13�%'2�3$. ,/3�%?8O6>`�0&(�6PI0808 0&613�HJI83�)7+ .P/�6105)FIL,32�0&(Y)50 1�+5)�3C3�6T,lC`+Q25,/3h-PM]IO(83B%:+Q(02FS$.13R3 Q0+Q1$,/3 <� 2;(0632N`U) MS3�6T,E2;%:+K,32�0&(g-83?)NMO3$.1.63�I8.ZHJIPMS0&(R/:,A+5>O)F2�.3+�(83 ,E2�3�(0-8.3+	80+56�1$0&%'8L,/3�-83�) MS3>.6.13�I8.Z-0I83?W[)F+

-02;631>.P/$,32F6E+�,E2�05(=-0IX8L.10&>0);S�%43�)�0V1t+5) <^ 3�6 .3/�63I0)2,A+K,36 88.P/�613�(-,E/�6l-4+5(O6 1>3:,1,/3B663�1:,E2�05(YC�0&(-,$) MS0&>��63:,$-PMLI0(83B1>05)F)7+Q>�0�.3+K,E250&(�+tM�3�1� E��������
�����������! #" � ` � `%$'& < ^ M]2;-0/>3K88.32;(01�2;84+5)�3�3�66,B>4+Q63/>3D63I8.i-83�6 ,13�1A@0(O2FHJI83�6B- MO3�66,E2;%:+�,E2�05(06!2F(-,E/$.32�3�I8.13�63�(cIL,32F)F2;6E+5(-,�)53 ,E@0/$0�.3S�%U3_-L3)( B ��*,+.- � 3:,/� +.-0 %��� ^�,E@0/$0�.3S�%U3 ]�< � 84+5<;34?�&a <.1 0&I8.2.84+K.PM�3 7(025.>` )F+�66,1.E+K,3/�<&253Y1>0&(O632F6T,/3'W=84+56P613>.Z84+K.\I0(83�/$,E+58 3_2F(-,/3$.3%'/�-02F+52�.63�-4+5(O6�)7+5HJI83�)F)�3 0&( IL,E2;)F2F663�)F+
6105)FIL,32�0&(	+5I QO2;)F2F+52�.63

u?
2F(-,/.60 -0IO25,/3D-4+5(06�)�3�1A@0+58025,1.13Z88.P/�1�/�-83�(-, <=�0&22,

(u?, v?) ∈ H1
0 (Ω)×H1

γ(ω)
)NM]I0(O2FHJI83r610&);IL,E250&(?-OI�88.105>0)FS�%U3r+5I�Q 2;)F27+Q2�.13

(
VWV

D − �
) < =�0&22,

(û, v) ∈ H1
0 (Ω) × H1

γ(ω)
` ,/3�);)�3'HJI83

v = û|ω
`�)7+	6105)FIL,32�0&(c-0In88.60&>0)FS�%U3�1$0&(-,E2F(JI VOV

D < � MQ+5(-,-PM]+;.1.P2;M;3>.r+5I+.3/�63I0)2,A+K,F94(0+5) `805(X+�> 3�61052F(	-PML/$,A+Q>0)F25.�1>3@.3/�63I0)2,A+K,�2;(-,/3>.P%?/�-027+Q2�.13�s
3 � ��4��6587:9,7 �
;=<�>@?BA�C

û ∈ H`(Ω \B) D �FE �HG 1 < ` ≤ 2 D �FI ! ��J C I �LKMC J�� ��N�O �G !'O J�� � O � � C D � � I:I �P N�� IRQ !'O � C � G � � � �SC:OUTWV �FI C � TYX

||û− u?||1,Ω ≤ C
(
h`−1||û||`,Ω\B + ||û− πhû||0,Ω

)
.

^�? < � a

Z� �[N E �]\!^r+5808 3�)�05(06HJI83;` 84+;. -0/:94(022,E2�05(P`
u?
3:,
û
610&(-,�.13�638 3�1:,E2;M;3�%43�(-, 660&)FI�,E2�05(�-83�6�88.105>0)FS�%U3�6$s

−∆u? = f +
∂v?

∂n
δγ , −∆û = f +

∂v

∂n
δγ .

^�? < $&a
I 3ZHJI02 2F%'80)F2;HVIL3H3�([84+;.T,E2;1�I0);2�3>.Ks

û− u? =
b

(v − v?).
^�? <�_ a

` M]+5IL,1.13Z84+;.T,�`
(v − v?)

M&/$.325983's
{

−∆(v − v?) = 0
-4+Q(06

ω,
v − v? = û− πhu

?
6PI8.

γ′.

^Z? < �ba a
I MS3�66,T7#W�7 -02�.63_s

v − v? =
_

(û− πhu
?)
`f3$,r84+K.B63I022,/3

û− u? =
b	_

(û− πhu
?)

^Z? < �W� a
=

e
û− e

πhu
? ^Z? < � �5a

=
e
û− e ?u?.

^Z? < � ] a
� ]
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 	 � � ��� 
 � ������� � � ��� ������� ��!"�

m�([8 3�IL,r-80&(O1�/�1>.P2�.13

〈û− u?, û− u?〉1,Ω = 〈û− u?,
b _

û− b	_
πhu

?〉1,Ω
= 〈û− u?,

b _
(û− πhû)〉1,Ω + 〈û− u?,

b	_
πh(û− u?)〉1,Ω .

^�? < � ?Ja
m .$`f3�([IL,E2;)F2;6E+5(-,�)53�)�3�%?%43 ]L< v 84+5<�3@? � ^`63+51A@4+5(-,KHJI83 e ? :=

b	_
πh

a `80&(X+

〈û− u?,
e ?(û− u?)〉1,Ω ≤ C∗h2|û− u?|21,Ω.

^�? < � v a
m�(X+�+5)�0;.36�s

〈û− u?, û− u?〉1,Ω ≤ |û− u?|1,Ω|
b	_

(û− πhû)|1,Ω + C∗h2|û− u?|21,Ω.
^�? < � � a

` MO0��P`
(1 − C∗h2)|û− u?|1,Ω ≤ | bJ_ (û− πhû)|1,Ω.

^�? < � � a
I 0&%?%43@b 3�6T,r1>0&(-,E2;(JIX6PI8.

H1
γ(ω)

`02;)P3:Q 2F6T,/3ZI0(83Z1$0&(066,E+5(-,/3
C
,/3�)F)53�HVIL3's

| bJ_ (û− πhû)|1,Ω ≤ C| _ (û− πhû)|1,ω.
^�? < � $ua

` 3�%���%43;`O84+;.B1>05(066,1.3I01:,E2�05(X-83Z)NMO0&8 />.3+K,/3�I8.F_a`42F)GM 253�(-,Zs

| _ (û− πhû)|1,ω ≤ C|û− πhû| 1
2
,γ′.

^�? < � _ a
m .$` 3�( .63�%?+;.3HJI4+Q( ,'HJI83

γ′
3�66,?I0(83[1>0&%'8�056E+5(-,/3[1>05(0(83:Q�3X-83

∂Ω?
^
∂Ω? = γ′ ∪ Γ

a:` 3$,43�(
IL,E2;)F2F63+5(-,B)�3�8L.13�%'2�3$.R,E@0/$0�.3S�%U3�-L3@,1.E+51$3;`f0&(X+=s

|û− πhû| 1
2
,γ′ ≤ C|û− πhû|1,Ω?.

^�? < � a a
� 2F(4+Q)�3�%43�(-,>`L3�([IL,32F)F2;6E+5(-,B)53�6B2;(0/�<u+Q)F25,3/�6Z^�? < � � a 7�^Z? < � a a `805(g+=s

(1 − C∗h2)|û− u?|1,Ω ≤ C|û− πhû|1,Ω?.
^�? < � � a

� ,�3�(�+Q8080)F2;HJI4+5(-,)�3�,E@0/$0�.3S�%U3$-83 ( B ��*,+.- � 3$, � +.-� ��� ^�,3@0/>0;.3S�%43 ]L< � 84+5<�3 ?�&a:` +tM;3�1 Ω0 = Ω?3$,
Ω1 = Ω \B `f0&([+=s

||û− πhû||1,Ω? . h`−1||û||`,Ω\B + ||û− πhû||0,Ω\B

. h`−1||û||`,Ω\B + ||û− πhû||0,Ω).
^�? < � �&a

I 3�HJI02�+51A@0S�M�3Y)F+�8L.13�I M�3	^�3�(	,13�(4+Q( ,K1>05%?8L,13Z-0IXC`+522,�HJI83�)NM]2;(0/�<u+Q)F25,3/_^�? < � � aR3�66,rMQ+5)7+Q>0)�3�8 0&I8.,/0&IL,
h
+563663	��8�3:,E25,Aa < �^ MS0&>��63�1:,E2NCh-0Ia,3@0/>0�.PS�%43_63I02NMQ+5(-,@3�66,�-PML/$,E+5>0);2�.\)NMO3$.1.13�I8. 3�(-,1.13

û ∈ H1
0 (Ω)

`U)7+�660&)FIL,32�0&(.-OI
88.10&>O)FS�%43h1$0&(-,E2;(VI

(
VWV

D−
Y
)
3$,
ûh ∈ Uh

`51>3�)F)53i-0I_8L.10&>0);S�%43h-02;631$.13$,
((
VWV

D− \ )− Y ) < ^K+58O8�3�)�0&(06HVIL3
ûh

3�66,�,13�)F)53\HJI83�)�3�1>05I080)�3
(ûh, v

?)
3�6T,K660&)FI�,E2�05(=-0IX8L.10&>0);S�%43

(
VOV

D − \ ) <
e � � � ���	� � <�>�
� O J N�����! J � P N�� f ∈ L2(Ω \B)

\ �[I �LKMC J�� � �FI ! ��J N O �SG !'O J��"� O � �
C D � � I:I � P N��IRQ !'O � C � X

||û− ûh||1,Ω? ≤ Ch||f ||0,Ω\B.
^�? < � ] a

� ?



� �����	��
 ���� � ������� � � ��������
��

Z� �[N E �]\ ` M]+5> 0�.3- `83�(J.13�M�3�(0+5(-,�+5I�Q=-0/$94(O25,E250&(06B-83
û
3$,
ûh
`80&(X+=s

∫

Ω

∇(û− ûh) · ∇wh =

∫

γ

(
∂v

∂n
− ∂v?

∂n
)wh, ∀wh ∈ Uh.

^Z? < �K?ua

� ) 3�([-0/�1>0&I0)53ZHVIL3�8 0&I8.R,10&IL,
wh ∈ Uh

,/3�)F)53�HVIL3
wh = 0

-4+Q(06
B
`f0&([+[s

∫

Ω\B
∇(û− ûh) · ∇wh = 0.

^�? < � v a

m\(	8�3�IL,r+5)�0;.36�+Q8080)F2;HJI83>.�)53H,E@O/>0�.PS�%43�-83 ( B ��*,+.- � 3$,� +.-0 ��� W
(û− ûh)

`O+ M;3�1
Ω0 = Ω?

3:,
Ω1 = Ω \B < m�(X+_-80&(01�s

||û− ûh||1,Ω? . h||û||2,Ω\B + ||û− ûh||0,Ω\B.
^Z? < � � a

m .>`0- M]I0(L3�84+K.6,�`
||û||2,Ω\B . ||f ||0,Ω\B,

^Z? < � � a
3$,r-PM]+5IL,1.13Z84+;.T,�`

||û− ûh||0,Ω\B ≤ ||û− u?||0,Ω\B + ||u? − ûh||0,Ω\B.
^Z? < �F$&a

I 0&%'%U3K`
||û− u?||0,Ω\B ≤ ||û− u?||1,Ω,

^Z? < � _ a
3�([IL,32F)F2;6E+5(-,B)53 .3/�63I0)2,A+K,�-83Z)F+Y88.10&8 0&6P25,E250&( ? < � `80&([+	s

||û− u?||0,Ω\B ≤ ||û− u?||1,Ω . h||û||2,Ω\B + ||û− πhû||0,Ω.
^Z? <W] a a

1 +K.K+Q2F)F)53�I8.P6>`V)�3 ,3@0/>0�.PS�%43 ]L<W] 84+Q<�3@? ] (80&I06�-80&(O(83�s

‖û− πhû‖0,Ω . h‖û‖1,Ω.
^Z? <W] � a

` 3Z%���%43;`83�(g+58O80)F2;HVI0+5(-,�)�3 ,E@O/>0�.PS�%43 ]L<W] 84+5<;3 ? ] ^`6E+Q1A@4+5(-,DHJI83 ûh = πhu
?
a:`f0&([+	s

‖u? − ûh‖0,Ω . h‖u?‖1,Ω.
^Z? <W] �5a

� 2;(0632N`83�([IL,32F)F2;6E+5(-,�^Z? <O] a a 3:,Y^�? <O] � a `f0&([+	s
||û− u?||0,Ω\B . h||û||2,Ω\B + h‖û‖1,Ω.

^Z? <W]�] a

� 2;(4+5)�3�%U3�(-,�` 3�(J.13�%?+;.PHVI0+5(-,�HVIL3 ‖û‖2,Ω\B
` ‖û‖1,Ω

3$, ‖u?‖1,Ω

8�3�IOM�3�( , �$,1.13Z%?+��60�.3/$3�6�^`W�IO(83
1>05(066,E+5(-,/3h%�I0)5,32F80);2F1t+�,E2;M;3�88.PS�6Ea 84+K. ‖f‖0,Ω\B

` )53 .P/�6PI0)5,E+K,�-0/�1$0&I0)�3l-83�6j2;(0/�<u+Q)F25,3/�6!^�? < � � a:`V^�? < �F$ua `^Z? <W] �5a 3$,�^Z? <O]�] a < �

� v
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^ MS0����63��:,�� �"!83��>3$#&%K.�%('�.)%(#+*83 3�,6,	- M.�/-/-10+,6,1.�%K,)��0�2�230+4�5>.)�163083$!+0 .75�,)08-5,9%�,�!83�-/%:,13��$,��50�2 ? <<;6�08�=440�2-,/.63$6�0L3�-/%:>"?A@"?CB�? 3�,T,D-50E��%(-�3�4U3�2 ,F!PMO0;.)!8.6340(#L,��14G%(- <IH 2J,13�4U3:,�!&%(2+,K-�3L��%(!8.63�!+0
#8.10��8-/M�443N,)08�1OP%(2-,KQ





−∆u = f
!&%(2+,

Ω \B,
u = 0

,)08.
γ,

u = g
,)08.

Γ.

R ? <O] ?3S

I 0�4�443 0�2T-NMU%JOE0V!+%(2+,�-�3W�9*&%(#+�2,/.63 ; ` .)5�,60�0+!8.63X�>3Y#L.10��+-1M�443Z#&%K.:>[?\@"?CB�? .13�O���3�2-,^]
-�3 .63�4�#+-_%(�$3>.:#+%;.:0+283X,70+�5,13X!83a.)5�,10�-10L,��50�2+,�-�0��`%(-53�, 3:,^'�-�0(�&%(-�3�, < 1 0�0L. �$,/.63a3�2a�>0(28��0�.)4��5,)5
%bO;3��N-53�.75�,)08-5,9%�, ,�*85>0�.7�/63083c!L3c- MS3�,T,��14G%K,)��0�2$!83d- MS3>.6.13�0L."!83F!8�/,)�$.)5:,��/,)%K,��50�2�!+0:#8.60��+-/M�4U3e'�-50��&%(-N`
0�2f,70+#+# 0�,13$63083$-�3�,@.)5�,60�-/0�,���0(2+,F-�0��`%P-�3�,c,10�2-,��g%(�5,13�,F! Mh0+2L3�4�%(2+�1M>.13 3:Q8%(�$,13;`i�$3�630+� .63�O���3�2-,D]
.13�4�#+-/%(�>3$.j-�3N#8.60��+-/M�4U3 R ? <O] ?3S[#&%K.e-53N#8.10(�+-/M�4U3F,70+�1OP%(2-,KQ

{
−∆û = f +

∂v

∂n
δγ

!&%(2+,
Ω,

û = g
,)08.

Γ,

R ? <O]lk S

0 �
f

!+5�,7�/'�283 ,10�0m�60�0L.),F-53n#8.10(-�0�28'�3�443�2-,N!83
f

#+%;.
0

!&%(2+,
B
`P3$,

v
-_%�,10�-10L,��50�2Y!+0o#8.60��+-/M�4U3

-�0��`%(-I,70+�1OP%(2-,�Q




−∆v = f
!&%(2+,

ω,
v = 0

,)08.
γ,

v = û
,)08.

γ′.

R ? <O]M� S

` %P2+,��$3^�`%(,�#&%;.T,��/��0+-/�53>.$`p#+0+�1,)630PMS0�2q,)0+#+# 0�,63Z63083�- MS0�2'.)5�,60�0L,�!PM.0+283�4G%P2+�/M$.13 3:Q8%(�:,/3W-�3
#8.10��8-/M�443r-�0��`%(- R ? <O]M� S:`b�1-l,)08s ,t!83 .63�4�#+-_%P�>3>.i!+%(2+, R ? <O]lk S ∂v

∂n

∣∣∣∣
γ

#&%;.u,10�2 3:QE#8.13�,),7��0�2 3�2D#8.63�2&%P2 ,

v
5�'l%P-�3�]L-_% .63�,6,1.)�1�$,��50�2^!83�-_%n,60�-/0L,)��0�2^%P2&%(- 2 ,)�/63083

û
,)08.

ω <
H 2o280;,13L#&%;.

ê = û − ûh
- MS3>.6.13�0L. 3�2-,/.63$-_%:,10(-/0L,)��0�2X%P#+#8.10��9*+5$3

ûh
3$,�-/%:,10�-10L,��50�2 3 Q+%P�$,/3

û
!80v#8.10(�+-/M�4U3 R ? <O]lk S <tH 2w,>M.�/2-,�5$.13�,7,13$.�%X]Z-/%W280�.74U3

L2(Ω)
3$,n]Z-_%^,13�4��[7x280�.74U3

H1(Ω)
!L3

ê
R 630&%P-/�59+5�,�!PMS3>.1.63�08.7,	'(-�0��&%P-�3�,�S <IH 2J�/2-,1.10�!+0+�5,

Ω̃
0+2f,10�0+,�!80(4G%(�1283L!83

Ω \B ,708.	-53�63083�- 0�2
�`%(-1��0+-53j- MS3>.1.63�08.y-50E��%(-�3 3�2$280�.74U3

L2(Ω̃)
3:, 3�2�,13�4��[7x280�.74U3

H1(Ω̃) < ` %(28,[-53�,",/3�,6,),=230+4�5>.7�/63083�,
0�2�%n#8.)�1,

Ω̃ = Ω \ B̃ `L0 � B̃ 3�,6,z08283N��0(0+-�3F!L3N4 ��4U3F�$3�2-,/.63�6�0L3
B

4G%(�1,"!83 .)%82�0�2�,)0+#{5>.7��3�08. <
	 0+4�5$.)�16�0L3�443�2-,z�>3�,�3$.1.13�08.),e,10(2 ,e��%(-/��0+-/5$3�,�3�2�!+5��$0�4�#�0�,)%(2-,e-�3�,j�12-,�5�';.�%(-53�,F3�2�-_%L,60�4�443

!83�,e�/2-,�5�'�.�%P-�3�,j,708.z-�3�,j4G%(�1-/-53�, Q !+0W4�%(�1-/-_%P'�3
Ξh <�1 %;.�3:Q�3�4�#+-53

|ê|1,Ω =

(∫

Ω

|∇û−∇ûh|2
) 1

2 R ? <O] � S

=

( ∑

Q⊂Ξh

∫

Q
|∇û−∇ûh|2

) 1
2

.
R ? <O] $lS

� 9&2|!PM.5�O��2,/3>.�-�3�,�#8*+5�280(4�M�283�,�!83v}o,)0+# 3>.�7x�$0�2lO�3>.7'�3�28�>3J~q,60�08O;3�2-, .63�2+�$0�2-,/.)5�,:-�0;.),$!83�,
.)5�,60�-/0�,���0(2+,[230+4�5>.7�/63083�,"#&%;.=5�-15�443�2-,�, 9&2+�1,

Q1
,708.[082:4G%P�/-/-/%('�3[�`%;.T,�5�,7��3�2P`�3:,"630+�{#8.60�O��53�2-,�!+0

�g%(�5,[63083F- MS0�243�,T,��/443;` 3�2G'�5�2+5$.�%(-N`3280�2:#+-10+,"-NMO3$.1.63�08. ,/3�-/-�3e630PMS3�-/-53�3�,6,j!85$9&2+�53c���27x!L3�,),70+,>`E4G%P�/,r-_%
� �
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280�.74U3"!83j-_%F!+��� 5$.13�2+�>3F3�2 ,1.13z-_%d,10�-10L,��50�2L%(#+#L.10��9*+5>3�3$,r-NMh�12-,/3>.7#�0(-/5>3[!83j-_%F,60�-/0�,���0(2 3:Q8%(�:,/3;`l08283
�/2-,)5�'�.)%(-�3e,)08.[0+283F4�%(�1-/-�3 Q !+0�,60�0+,�7x!80�4�%(�1283�3�,6,z%P#+#8.10��9*+5$3F#&%;.[0+283c��0�.74n0+-53e!L3F630&%(!8.)%K,�08.63
!83��  .�0*'* �����cD ����� ��� ] ; � # 0��/2-,�, R 3:Q8%(�:,/3$# 0�08.F-53�,F# 0�- 2�2��(4U3�,F!83L!83�'�.)5

5
#&%K. .�%(#8#�0�.T,�]

�9*&%(��0+283K!83�,�,/.60��/,[O(%K.)�_%P�+-�3�,9S <�� 0���.�-NMU%P2+283:Q�3 � ,13��$,)��0�2 � #�0�0L.j#+-/0+,j!L3K!85$,9%P�/-/, <
1 0�0L.D-�3��`%(-1��0+-r!+0w'�.�%(!8��3�2-,	!83G-/%W,60�-/0L,)��0�2f%(#+#L.10��9*+5>3K`�0�2w0L,��1-/�/,63$-_%^�&%(,13�!83�,	��0�2+�$,)��0�28,

Q1 < � 2	3���3$,�`c3�2Z280;,�%(2-,c#+%;.
ϕi

-/%L��0(2+�$,)��0�2�!83K�&%(,13D%(,),60E���/5$3D%(0�� M�4U3 ,60�4�4U3:,d!80Z4�%(�/-1-_%('�3K`
0�2�%

ûh =
∑

i

ûihϕi
3:,d!L0�2+� ∇ûh =

∑

i

ûih∇ϕi <

�! #"$ &% ' 8)(�*,+.-\10/�6Z421.-^843^35+6(87�8:9C353�698;3=<>-?+^8 6�/)( /572-!*h4�/@+A7�/B9C3@7�8$8DC�359�*h8
Ω
3�,T,c-53���0+� 3

] − 1
2
, 1

2
[3
3:,
B
3�,T,c-/%L��0�08-�3�!83K�>3�2-,1.13

o = (0, 0, 0)
3:,d!L3 .)%b2;0�2

R = 1
4

R ,�%
��.10(2 ,)�/M$.13�3�,T,"280K,�5>3

γ
S < f 3$, g ,10�2-,[�9*80��/,7��3�,=!L3d,60�.6,13d63083e-_%N,10(-/0L,)��0�2$!+0�#8.10��8-/M�443 R ? <W]lk S 3�,6,dQ

û = sin(β(r2 −R2)),
%`O�3��

r2 = x2 + y2 + z2,
3$,
β = 2π.

I 0�4�4U3 0�2o,)0+#+# 0�,63�630PMS0�2 .)5�,60�0L,�!PM.0+283�4�%(2+�/M$.13 3 Q8%(�$,13�-53L#8.10(�+-/M�4U3n-50E��%(- R ? <O]M� S:` �/- ,708s ,
!83@.13�4�#8-_%(�$3>.j!&%(28, R ? <O]lk S ∂v

∂n

∣∣∣∣
γ

#&%;.j,60�2J3:QE#8.13�,),7��0�2Z%(2&%(- 2 ,)�/63083 < =�0��2,�`8!+%(2+,z�>3K�`%(,�Q

∂v

∂n

∣∣∣∣
γ

= −2βR.
R ? <O]M_ S

Ω̃ = Ω \ B̃ 0��
B̃
3�,T,e-_%L��0(0+-�3F!L3K�$3�2-,/.63

o = (0, 0, 0)
3$,z!83@.)%b2;0�2

R′ = 0.3 <` %(2+,p-�3�,t�>0�0L.)� 3�,p!L3�-_%F9&'�08.63 ? <U; R %lS*0(2n#8.)5�,13�2 ,13j-�3�, 3>.6.13�08.),t'�-�0��+%(-�3�, |ê|1,Ω 3:, ‖ê‖0,Ω

3$,p-�3�,
3>.6.13�08.), -�0��`%P-�3�, |e|1,eΩ 3:, ‖e‖0,eΩ

!+%(2+,
Ω̃

#�0�0L.i!+�E� 5>.63�2-,/3�,IO(%P-�3�0L.),i!83
h

R
h ∈ { 1

16
, 1

32
, 1

64
, 1

128
, 1

224
} S <I 3�,z�>0(08.)� 3�,j440�2-,/.63�2-,j630PMS0�2+.13$,1.10�0EO�3�-�3�,R.)5�,)0+-2,9%K,), ,�*+5$0�.)�163083�,$`&]n,�%`O�0(��.�63083N-50E��%(-�3�4U3�2 ,

0�2Y'�%;.)!83	- MS0�.)!L.13K!83�,d5�-/5�4U3�2-,�,�9+2+�/,d��-_%P,),)�163083�, < � 2 3���3$,>` %82�%(2-,N0L,��1-/�1,)5�!83�,c5�-/5�4U3�2-,�,
Q1
` 0�2

,>Mh%K,6,/3�28!Y]��$3	63083K-_%L280;.)443
L2

!L3	-NMO3$.1.13�08.z,13K�>0�4�# 0�.6,13K�$0�4�4U3 O(h2)
3$,d63083	-/%�2L0�.)443

H1,13	�>0�4�# 0�.6,13	�$0�4�443 O(h) < I 3D630+��3�,T,F�1-/-/08,6,/.75N#&%;.d-�3�,e# 3�2-,/3�,c!83�,F!+�E� 5>.63�2-,/3�,c�$0�08.)� 3�,d!83D-/%
9&'�0L.13@? <U; R %lS <

�! #"$ GF ' 8)(�*H+.-\10/�6Z421.-^8I3^35+6(J7�8�9C353�698K3=<>-?+^8 3ML6L�69/)C�4 1�3M*h4�/5+N3^8 ∂v
∂n

∣∣∣∣
γ

H 2 .13��g%(�5,u-�3=4���443 ,13�,T, 63083�#8.75���5�!83�4�443�2-, 4�%(�1,t%P0D-/�53�0K!PM/}d�/2m�63��$,13>.p~	-_%z!+5>.7�1O(5>3"2L0�.)4�%(-�3
3:Q8%(�:,/3:!L3

v
`�0(2v- Mh%(#+#8.60E�9*L3�#&%K.D-�3��+�/%(�/,�!83:-NMU%P-/'�0�.7�5,)*+443n!+0v# 0��/2-, 9LQ�3 R !L3G-_%^��0�.)4D0+-_%K,)��0�2

,)�14�#8-/�59+5>3bSH3�2 %��70+,T,9%(2-,
ε

#�0�0L.	�9*&%P6�0L3GOP%(-�3�08.	!L3
h <0	 0;,10�2+,	6�0L3G# 0�08.K6�0 Mh�1-[283�# 0�-/-1083$#&%(,

- MS3>.6.13�08.>`
ε

!80��2, �:,/.63n%(,7,13POD#�3:,��5, R 0(2Z- Mh%$#8.)�1,c!83	- MS0�.)!8.63�!83
h2

S�3:,c#+%;.c,70+�5,13	-53	#&%K.�%(4�M$,1.13K!83
.13�-_%�Q8%K,)��0�2f!80��2, �:,/.13U,/.)M�,n#8.60E�9*83G!83

1 < I 3:630+� .)%(-�3�2-,��5,	-_%��>0�2lO;3>.)';3�2+�$3�!L3:- Mh%(-/';0�.)�2,�*+443L!83
# 0��/2-,�9LQ�3 < H 2 .13�4�%;.76�0L3	630PMS0�2 .63$,/.60�08O;3n-�3�,d4���443�,�.)5�,)0+-2,9%K,),c!83	-_%$,13��:,��50�2Y#8.75���5�!83�2-,13 R ��� <9&'�0L.13@? <U; R � S7S <

�W�



������� � �	��� ���	��
 ���� � ��������������� ��� ����
 �?���6��� 
�� �2����� 
 � ������� ��� ��� ������� ��!"�

1/224 1/128 1/64 1/32 1/16

1×10
-4

1×10
-3

1×10
-2

1×10
-1

1×10
0

h ���	��
��� � ��� ��������� ��
��� ������

�   
! " 
#$ % &
' !((
!( ) *
+  , -
' ., /
"!
0

1 �����	�� H1(Ω) 2435��67����8:9<; =�>
1 �����	�� L2(Ω) 2435�	6�����8@?�; ?	A1 �����	�� L2(eΩ) 2�3B�	67���C8:DE; 9�9
1 �����	�� H1(eΩ) 2�35�	6�����8F9<; G�G

H1

H1(Ω)

H1(eΩ)

H	IKJMLNIKOMP�Q R:SFTVUEWXO�YKZ[RF\E]^Y_S`Z[YbaBI_Z[TcT5dFIKae\ETKf

1/224 1/128 1/64 1/32 1/16

3×10
-2

6×10
-2

1×10
-1

2×10
-1

4×10
-1

1×10
-1

1×10
0

h ���	��
��� � ��� ��������� ��
��� ������

H1(Ω)

L2(Ω)

L2(eΩ)

H1(eΩ)

�   
! " 
# H

1

$ % &
' !((
!( ) *
+  , -
' ., /
"!
0

1 �����	�� H1(Ω) 2435�	6����C8F9<; =hg1 �^�����<� H1(eΩ) 2�35��67����8:9<; G�G

H	i�JjLNIKONPkQ RFS:TVUEWXO�YKZ[Rb\<][YKSlZ^YbaBI_Z[TVInm:mFUEYbaoFW�T_f

ACB�DFE ? <U; G � .6.13�08.),e-�0��`%(-53�,R3:,z'�-�0(�&%(-�3�,qp+�$0�2+!+�2,���0(2+,�!83sr B:�*B +.-�� � � *L0�4U0('�M�283�,j,)08.
γ <

� $
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` %P2+,c�$3n�9*&%(#+�2,/.63 0�2W,>M.�/2-,�5$.13�,7,13$]�-_%U.75�,60�-/0L,)��0�2�!83�,F#8.10(�+-/M�4U3�,�3�-/-/�1#L,��163083�,z!&%(28,F!83�,c!80K7
4G%(�1283�,e# 3>.7��0;.)5�,�3�2Z#8.13�2&%(2-,F!83�,c�$0�2+!+�2,���0(2+,z!83 , 2�# 3 ( � ��
  ��� %(0Z� 0�.7!Z!+0v}4,/.60�0X~ <61 -/0+,
#8.)5����/,75�443�2-,�0�2�,13�443$,j!+%(2+,j-�3c�`%(!8.63N!+0^#8.10(�+-/M�4U3F440�!+M�-53 V

N

�/2-,1.10�!+0+�5,"!&%(2+,j-53F�9*&%(#8�5,/.63 � <� ,�%`O�0��5.>`+5:,9%(2-,z!80(2+2+5>3�,
f ∈ L2(Ω \B)

3:,
α

0+283N�$0�2+,T,9%(2-,/3�# 0�,)�2,�� O�3 0�0^230+-1-�3;`�0�2��9*83$.)�9*83	]
.)5�,60�0+!8.63	-53N#8.10(�+-/M�4U3N,70+�1OP%(2-,�Q8,/.60�08O;3>.

u ∈ H1
Γ(Ω \B)

`8,/3�-/-53F63083

V
N :

{
αu− ∆u = f dans Ω \B,

∂u

∂n
= 0 sur γ,

R k�< � S
0 �Y- MS0�2�'l%;.7!83D-53�,e4 ��4U3�,d!80(2+2+5>3�,F'�5$0�4�5:,/.7�/63083�,e63083n�$3�-/-53�,e!+0Y��%(,c!83�,c�$0�2+!+�2,���0(2+,d!L3 r B:�*B �
+.-�� � � `8.13�#8.)5�,13�2-,)5>3�,d#&%;.z-_% 9+'�08.13 k�< � <

Ω

Γ

B

γ

ACB�DFE k�< �HG ` 0�2+2+5$3	'(5>0�4�5$,1.)�/63083 <
^e%(#+# 3�-50�2+,j63083

H1
Γ(Ω \B)

3�,T,c-NMO3�,)#&%P�>3�!+5$9+2+�i#&%;.z�>3:,1,13 3 QE#8.13�,),)�50�2wQ

H1
Γ(Ω \B) = {u ∈ H1(Ω \B), u|Γ = 0}. R k�<<; S

 ��3�2W5�OE�1!83�4�443�2-,�`+-53�,���0�28�$,��50�2+,j!83��$3$,�3�,)#+%(�>3K283�,10�2-,e#&%(,z2+5��>3�,),�%P��.13�4U3�2-,d230+-1-�3�,e,708.
γ <^ MS0����63��:,�� � 3�,T,U,10�0m�60�0L.),�!PMO3�,),)%b2;3>.:!L3	.)%(4U3�283>.$-/% .75�,10(-/0L,)��0�2 !+0 #8.10��8-/M�443��/28�5,��/%(-�3�4U3�2-,

#�0�,75z!&%(2+,r-�3"!80�4�%(�/283"#�3$.7��0�.75
Ω \B 3�2�0+283F.)5�,10�-10L,��50�2L!&%(28, ,10�0L,r-53�!80�4�%(�/2L3

Ω
R !&%(2+,y-53�63083�-

0�2W!8�/,)# 0�,63K! Mh0+2�4�%(�/-1-_%('�3z��%;.6,)5�,)�53�2 S <
�	�$# � ���K�K��) ���� �

1 0�08.
α = 0

`p-_%W��0�.74n0+-/%K,��50�2fOP%;.7�_%K,)��0�2+2L3�-/-53$2&%K,�0L.13�-1-�3:!80q#L.10��+-1M�443 R k < � S 3�,6,^Q�,/.10(08O�3$.
u ∈ H1

Γ(Ω \B)
`8,/3�-/-�3c6�0L3

∫

Ω\B
∇u · ∇w =

∫

Ω\B
fw , ∀w ∈ H1

Γ(Ω \B).
R k�<W] S

H 2^#8.10(#�0�,63�- Mh%(-/'�0;.)�5,)*+443d!83@.75�,10(-/0L,)��0�2�,70+�1OP%(2-,KQ

$ a



� ��� ��� ��� � �1��� �  �

u0 ∈ H1
0 (Ω)

!80�282+5>3 <Y��	��
���
un ∈ H1

0 (Ω)
5$,�%(2-,e�>0�2+23083K`f,/.10(08O�3$.

un+1 ∈ H1
0 (Ω)

`8,/3�-1-�3F63083$Q
∫

Ω

∇un+1 · ∇w =

∫

B

∇un · ∇w +

∫

Ω

fw, ∀w ∈ H1
0 (Ω),

R k�< ?3S

0 �
f
3�,6,e-53N#8.10�-50�2+'�3�4U3�2-,z!83

f
#&%;.

0
!&%(2+,

B <� ; Y��	��
���
������������� �"!$#&% > ?(' I 0(2+!+�5,)��0�28,�!83 ( � ��
  ��� %(0^��0;.)!^!+0+,/.10(0 <

� -R3�,T,$��-/%(��.K63083�-�3�,n#8.10(�+-/M�4U3�, R k�<O] S@3$, R k < ?3S�,10�2-,$�+�53�2 # 0�,)5�, < ` %(2+,L�>3�630+�",)0+�2, 0�2vOP%
5$,�%(�+-1��.�-�3$-/�53�2 3�2-,/.63:-�3�,	,60�-/0�,���0(2+,�!83�,	#8.10��8-/M�443�, R k < ?3S 3$,	-_%^,10(-/0L,)��0�2J!+0v#8.60��+-1M�443��12+�5,)�_%(- <=�0��2,

ũ
082Y#8.10(-�0�2+';3�443�2-,c63083�-/�$0�2+63083n!83

u
R ,60�-/0L,)��0�2W!+0Y#8.60��+-1M�443 R k�<W] S7Sz!&%(2+,

H1
0 (Ω)

` 0�2X%
%(-50�.),j-53 .)5�,70+-5,�%K,z,)08�1OP%(2-,�Q
) � � � �*% >@?BA�C

u ∈ H1
Γ(Ω \B) + J-,0I/.SJ10'I N , C 0 O�2FN �	3 054]I�6-7 +98;: \=<?> D .FI�0 3 J@,A0 N , �	3 0'I�0 O�V + 7 + O ,

ũ ∈ H1
0 (Ω)

2 + u E T-3 C B + X
∫

Ω

∇ũ · ∇w =

∫

B

∇ũ · ∇w +

∫

Ω

fw, ∀w ∈ H1
0 (Ω).

R k�<Uk S

Z 3 + N E + \ ^ % .13�,6,/.7�/�:,���0(2Z!PM.0+283D��0(2+�$,)��0�2W!83
H1

0 (Ω)
]

Ω \B 5:,9%(2-,N!&%P2+,
H1

Γ(Ω \B)
` 0�2X%�#&%;.

�>0(2+,6,1.)0+�:,���0(2fQ
∫

Ω

∇ũ · ∇w =

∫

B

∇ũ · ∇w +

∫

Ω\B
∇u · ∇w, R k�< � S

!PMS0 ��-�3 .)5�,)0+-2,9%K,>`+#+0+�1,)63083
u
3�,6,d,10�-10L,��50�2�!83 R k <W] S < �^ 3[,7�9*+5�4�%e!L0�2+2+5=#&%;. - M.5�630&%�,���0(2 R k�< ?3S 3�,T,p0+2K#8.60E�$3�,),70+,p�2,�5$.�%K,)�1��!83r#�0(�/2-, 9LQ�3[630+�3�$0�2lO�3>.7'�3

O�3$.),e-_%n,60�-/0L,)��0�2�!L3 R k�<O] S < � 2J3���3$,�`
39C � 4 � 587:9,7 � ; % >�
ED . J N�C , +

(
un|Ω\B

)
n

G 0 O E + 3 V +GF 0 3 , + 7 + O ,SE + 3 J u 8 I/. J10'I N , C 0 OH2 +I8;: \=<?>J>2 . O J
H1

Γ(Ω \B)
\

Z 3 + N E + \ � 2D�g%(�/,)%(2-,u-_%z!+�E� 5>.63�2+�$3"!83�,p!83�0�Qn5�630&%K,��50�2+, R k�<Uk S 3$, R k�< ?3Si#+0+�1,�3�2n#8.13�2&%(2-,
(un+1−ũ)�>0(4�443F��0�2+�:,���0(2 ,/3�,T,�`f0�2W%�Q

∫

Ω

∣∣∇(un+1 − ũ)
∣∣2 =

∫

B

∇(un − ũ) · ∇(un+1 − ũ).
R k�< � S

I 3�630+� �/4�#+-/�16�0L3;` 3�2�0L,��1-/�/,)%(2-,�-NMh�12+5�'l%P-/�5,)5c!83LK  .�0+.-NM � � +.-NO  � � `
∣∣un+1 − ũ

∣∣2
1,Ω

≤ |un − ũ|1,B
∣∣un+1 − ũ

∣∣
1,B

,
R k�< $�S

3$,e#&%K.j,)0+�2,/3$Q
∣∣un+1 − ũ

∣∣2
1,Ω\B +

∣∣un+1 − ũ
∣∣2
1,B

≤ |un − ũ|1,B
∣∣un+1 − ũ

∣∣
1,B

,
R k�<�_ S

$ �
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�>3K6�08�i�/4�#+-/�16�0L3H3�2�#&%;.T,��1��0+-1��3>.cQ
∣∣un+1 − ũ

∣∣
1,B

≤ |un − ũ|1,B .
R k�< �ba S

� �/28,)� `P-_%F,70+�5,13j#�0�,7�5,)�1O�3
ξn = |un − ũ|1,B

3�,T,[!85��>.60��/,7,�%(2-,13e!L0�2+�j�>0(23O;3>.7'�3�2-,/3 < ` MO0 �$-53R.)5�,)0+-2,9%K,
3�2�#&%(,),)%(2-,F]L-/%$-1�/4��5,13d!&%P2+, R k�< _ S < �

�	�R� �{ �����z �z�L�����*)��D�

` %P2+,W-NMU%P-/'�0�.7�5,)*+4U3 k�< � `�-53J,63�0+- ,13>.)443o280�2 ,6,�%(2+!&%;.7! 3�,6,fQ ∫
B

∇un · ∇w `"#+0+�/,763083f-53�,
��0�2+�$,)��0�28,

un
3$,
w

,10�2-,z!+5:9&2+�53�,j!&%(28,
Ω
3:,z!80�2+�c,)08.j-53F4G%P�/-/-/%('�3j'�-50��&%(-N`�%(-�0�.7,�63083N�>3N!L3>.)28��3>.

2PMO3�,6,d#&%(,e%(!&%P#L,�5K]L-_%n'�5$0�4�5$,/.7��3F!L3
B <

1 0�08."4��/28�/4��/,13$.y�>3:,1,/3H3>.1.63�08.$`E!L3F2&%K,)08.13d'�5>0�4�5$,1.)�16�0L3;` 3$,�,)%(2+,�} 3�,)630+�12-,/3>.j~�-_%K,6,/.70+�$,)08.13
�`%;.T,�5�,7��3�2+283z!+0�4G%(�1-/-/%('�3 R 2+5��>3�,),�%P��.13z# 0�08.y0L,)�/-1�/,13$.p-53j,10�- O�3�0L. 1 = I ^TS:`-0�2$#8.60�#�0(,13j!83j�g%(�5.13�0+2
.�%Ps�283�4U3�2 ,e-50E��%(-�3F!L3

Ξ <�	 0;,/0(2+,j63083	�$3@.�%Ps�283�4U3�2 ,�3�,6,e0L,��1-/�1,)5F,63�-�3�4U3�2-,d# 0�08.j-NMU%P,),13�4n�+-/%('�3
!83 ∫

B

∇ϕi · ∇ϕj `�0 � ϕi 3:, ϕj !+5�,)�1'�283�2-,j!L3�,"��0�28�$,��50�2+,=!83c�+%(,13N%P,),10����15>3�,j%(0G4�%(�1-/-_%P'�3�'�-50��&%(- <^ %:#L.10���5�!808.13n�$0�2+,7�/,6,13L]:!+5��>0�4�#�0(,13>.d- M.�/2-,�5�'�.�%P-�3K,)08.
B
3�2X-_%�,10�4�443D!83�,F�/2-,�5�'�.�%P-�3�,d,)08.c-�3�,

*83:Q8%(M�!8.13�,c!80�2-,e- M.�/2-,13>.),63��:,���0(2^%bO;3��
B
3�,6,e280�2^O��/!83$Q

∫

B

∇ϕi · ∇ϕj '
∑

Q⊂Ξh
Q∩B 6=∅

∫

Q
∇ϕi · ∇ϕj. R k�< �W� S

� 283Z��0(�/,�-�3�,�*83 Q+%PM�!8.63�,��/2-,13>.),63��:,9%(2-,
B

.63�#{5>.75�,>`C0�2T�9*L0��/,7�5,�0+2V2+� O�3`%P0T!83 .)%Ps�283�443�2-,Mp[-�3
#8.13�4��53>.N2+� O�3`%P0J�$0�2+,7�/,6,13$]�!+�1O��/,63>. Q 3�2

8 = 23·1 5�-/5�4U3�2-,�, 3$,>`I!PM.0+283$4�%(2+�/M$.13n'(5�2+5$.�%(-53;`i%(0
2+�1O;3`%(0

` ≥ 0
` Q 3�,T,d!8�1O��/,75 3�2

23`
5�-/5�4U3�2-,�, <�� 0(��. 9&'(08.13 k�<U; #�0�0L.j-�3N#8.63�4���3>. 3$,e-�3N!83�0�QE�/M�4U3

2+�1O;3`%(0 <� ,60�24,10�08.$` ∫
Q
∇ϕi ·∇ϕj 3�,T,[!85��>0(4�# 0�,)5$3�3�2$-_%F,60�4�443j!83�,=�12-,�5�';.�%(-53�, ,708.r-�3�,y,60�0+,�7x��08��3�,

Qr < � �12+,)�N`80�2�%�Q
∫

B

∇ϕi · ∇ϕj '
∑

Q⊂Ξh

Q∩B 6=∅

23`∑

r=1

∫

Qr

ε(r)∇ϕi · ∇ϕj. R k�< � ; S

0 �
ε(r) =

{
1

,)� Qr ∩ B 6= ∅,
0

,)�1280�2
.

R k�< � ] S
I *&%(63083e�/2-,�5�'�.�%(-53�,)0L. Qr

3�,6,=�`%(-1��0+-15>3F3�2�0L,)�/-1�/,�%P2 ,p!83�,y��0�.74n0+-53�, !83z630&%(!L.�%K,)08.13 < � 2�#8.)%K,��16�0L3;`
0�2W0�,��/-1�/,63F-�3�,���0�.)4n08-�3�,j!L3K630&%P!8.�%K,)08.13�,z!83 �  .�0*,* � ���cD � � ����� #8.75�,13�2-,�5>3�,F!&%(28,e-NMU%P2+283:Q�3 � <
� � � X C�� � � % > ?	� B O 2 Q�0 � , C 7 C J + 3 I/. �	3 0 GHT 2FN 3 + 2 + 3 .�
 O + 7 + O ,�I�0 G .FI P N Q�0 O E C + O , 2 + 2�THG-3 C 3 +HD0 O � + N , � + O J + 3� O + G 0 O J C�2�T-3 + 3 P N + I + J T I T 7 + O ,:J Q P N�C�C:O , + 3 J + G , + O , γ = ∂B

\�� + G[C � + N ,��-, 3 +
F . C , + O N , C I C J . O , 2 + J .FI V 0 3 C ,�� 7 + J 2 + ,�� � + 0E�:,/.13$3�� . 3 + K + 7 � I + \� + � + O	2 . O , D 2 . O J I + G .'J P N�CO 0 N J C:O , T-3 + JHJ +HD � J .FE50 C 3 I/. � 0bJHJ C 4 C I C , T 2 + G 0 O J C�2�T-3 + 3 N�O O 0 7 4 3 + .'JHJ +�� V53 . O	2 2 + � . 3 , CWG[N I + J DG + J 2 + 3[O�C 6 3 + J�J10 N E + O , J10 O , 2 + � + , C , + ,�. C I:I + + , � . 3 J N�C , + 3 .�
 O + 3 I + J T I T 7 + O ,:J C:O , + 3 J + G ,�. O , γ. N I C + N 2 + G + NFK C:O , + 3 J + G ,�. O , B O Q . ��� 0 3 , + � .'J N�O V . C:O G 0 O J C�2�T-3 .4]I + \

$ ;



� � � ���  � � �/@�/� � � �������

	 �1O;3`%(0
1

	 � O�3`%P0
2

ACB�DFE k�<U; G ^d%Ps�283�4U3�2-,d-50E��%(- <

$ ]
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�	��� �f��(I��( ���^ ��� )�������(

H 2^#8.)5�,13�2 ,13	082+,13�,T,d230+4�5>.7�/63083N,7�/4�#+-�3d6�08�i�>0�2+,7�/,T,/3K]n#8.13�2+!8.63
Ω

-�3F��0+� 3
] − 1, 1[3

3$,
B-_%$��0�08-�3��>3�2 ,1.)5$3L]�-NMO0�.7�/'��1283 3:,c!83 .�%82�0(2

R = 0.4 <{H 2Z�9*83$.)�9*83$]�%(#+#L.10�QE�/443>.z-_%$,10�-10L,��50�2�!+0
#8.10��8-/M�443N,)08�1OP%(2-,KQ

V
N





−∆u = f
!&%P2+,

Ω \B,
u = g

,)08.
Γ,

∂u

∂n
= 0
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ρ
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∂ ;
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+ ( ; · ∇) ;
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−∇ · σ = ρ

b �a�E�K�
Ωf (t),

=q_KOOH � Q

∇ · ; = 0
�C�E�C�

Ωf (t),
=q_KOOH\y Q
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σ(
X
, t) = −p � + 2νD[ ; ],
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i
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i
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(γi)1≤i≤N

S

; (
X
, t) = �

i + ωi × (
X − e i), ∀ X ∈ γi(t).

= _KO H N Q
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d � i
dt

= mi

b −
∫

γi(t)

σn̂, i = 1, . . . , N,
= _KOOH # Q

�
i

dωi

dt
+ ωi ×

�
iωi = −

∫

γi(t)

(
X − e i) × σn̂, i = 1, . . . , N,

= _KOOH � Q
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d
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dt
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ωi =




φ̇i sin βi sinψi + β̇i cosψi
φ̇i sin βi cosψi − β̇i sinψi

φ̇i cos βi + ψ̇i
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=q_�O �'� Q

B�{
φ̇i = dφi

dt
F β̇i = dβi

dt
F @?G ψ̇i = dψi

dt
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(
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∫ 1

−1

f(x)dx ≈
nq∑

i=1

wif(xi), B � - ?�C

���7��/%�D<E+ ��4%6%<
xi
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Pnq

�.�A/��D<EHA�J=?6%<
wi

<#��+=�
6��J+%+%F�<TH%-��

wi =
2

nqP ′
nq

(xi)Pnq−1(xi)
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∫ 1

−1

∫ 1

−1

∫ 1

−1

f(x, y, z)dxdydz ≈
nq∑

i,j,k=1

wiwjwkf(xi, yj, zk). B � - �oC
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∇ · ` = tr(∇ ` ) =
∂
`
x

∂x
+
∂
`
y

∂y
+
∂
`
z

∂z
B � -�� C

∇ · (∇× `
) = 0 B � - ^ C

∇× (∇a) = 0 B � -�� C
∇ · (a ` ) = a∇ · ` + ∇a · ` B � -�� C

∇× (a
`
) = a∇× `

+ ∇a× ` B � - 	JC
∇ · ( ` × � ) =

� · (∇× `
) − ` · (∇× � ) B � - ?��oC

∆
`

= ∇ · (∇ ` ) = ∇(∇ · ` ) −∇×∇× ` B � - ? ?�C
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ε > 0
� �J+.-

ab ≤ εa2 +
b2

4ε
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�D+�6%=12(�D+G<3=���+Q�5� �J=1<N��< �A_��J+%< �#�34%=)�A<34��E6��D<E~��GD%-�D6�� �D<"-Wi0��<A6��D}*��FD<E6��
/1= ] �"�6�;F!<#�J+!��6%F � +%=?<,-�40D <#��2�2(���3<"-v* + -�_s~��J=1<�=%�T_"�J202(�5FD/?FD2(�D+!�,6��N�3F�{SF"�#��+%_"�E/%�5_�4 ] � Q̂ =
[−1, 1]3
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â1 = (−1,−1,−1), â2 = (1,−1,−1), â3 = (1, 1,−1), â4 = (−1, 1,−1),

â5 = (−1,−1, 1), â6 = (1,−1, 1), â7 = (1, 1, 1), â8 = (−1, 1, 1). B �B- ?�C
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â2 â3
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ϕ̂i(âj) = δij, i, j ∈ {1, . . . , 8}, B �B-VU C
��� /%�D<

âj
<#��+=��/%�D<(<#��2�2(���3<(6�� Q̂ ���

δij
/�� <69m2 ] �J/%� 6�� LyP���N�L�����LOP -

im=?�J+ +����5�
(η, ξ, ζ)

4%+ < 9K< ���D2(�E6��5_��0�*��6��J+%+GF"�D< /%�m_D-�/���<��#�D/1-&�;= { Z /P1 F�/1F�2+��+=�^6��U��F�{SF��#�D+G_"�
Q̂ �%/%�D<({a�J+%_.�;=%�J+%<(6�� ] -�< �

ϕ̂i
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ϕ̂1(η, ξ, ζ) =
1

8
(1 − η)(1 − ξ)(1 − ζ), ϕ̂2(η, ξ, ζ) =

1

8
(η + 1)(1 − ξ)(1 − ζ), B �d- �oC

ϕ̂3(η, ξ, ζ) =
1

8
(η + 1)(ξ + 1)(1 − ζ), ϕ̂4(η, ξ, ζ) =

1

8
(1 − η)(ξ + 1)(1 − ζ), B �d- J C

ϕ̂5(η, ξ, ζ) =
1

8
(1 − η)(1 − ξ)(ζ + 1), ϕ̂6(η, ξ, ζ) =

1

8
(η + 1)(1 − ξ)(ζ + 1), B �d-�� C

ϕ̂7(η, ξ, ζ) =
1

8
(η + 1)(ξ + 1)(ζ + 1), ϕ̂8(η, ξ, ζ) =

1

8
(1 − η)(ξ + 1)(ζ + 1). B �d- ^ C
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J
6���/K1 FD/1F�2+��+!�Y6��

�3F�{SF"� �D+%_�� Q̂ = [−1, 1]3
>��"�3<^/K1 FD/1F�2+��+!� Q = [xa1 , xa7 ] × [ya1 , ya7 ] × [za1 , za7 ]

�D<6� 6��J+%+GF"�yH9-&�
_"�.�#�#�b�GDmH��#��<3<3=%�J+ @

J : (η, ξ, ζ) ∈ Q̂ 7−→ (x, y, z) ∈ Q, B �B-�� C
���7�

(x, y, z) =

(
xa7 − xa1

2
η +

xa1 + xa7
2

,
ya7 − ya1

2
ξ +

ya1 + ya7
2

,
za7 − za1

2
ζ +

za1 + za7
2

)
.

B �B-�� C
i0�J+��3-�_�� ] =���+ |J | ��< ��6��J+G_!/%� <34%= >:-�+!��@

|J | =
1

8
(xa7 − xa1)(ya7 − ya1)(za7 − za1). B �B-�� C
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{SF"� �D+%_�� Q̂ - z /14G<(H��3F�_D=1<�FD2(�D+!�,�
∫

Q
f(x, y, z)dxdydz =

∫

bQ
f(J(η, ξ, ζ))|J |dηdξdζ. B �B- ? �oC
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∫

Q
f(x, y, z)dxdydz ≈ |J |

nq∑

i,j,k=1

wiwjwkf(J(ηi, ξj, ζk)), B �B- ?�?�C

���7�
nq

�D<6��/��\+��J2 ] �#� 6�� HA�J=1+!��6�� 7849-:6��;-&�34��#� 69-�+%<�_s~9-�_D4G+��W6���<j�5� �J=1<�6%=�� �D_.�;=���+%<"��/���<
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A = (aij)
�.�M6��(/X-�2 -[�5�3=?_"� 6��(2 -:<3<#�

M = (mij)<#��+=��� �D<3HA�D_.�;= >*�D2(�D+!�T6��J+%+GFD<�H9-��(_"��<d�GDmH��#��<3<3=%�J+%<!@

aij =

∫

Ω

∇ϕi · ∇ϕj, mij =

∫

Ω

ϕiϕj, B �d- ? U C
���

ϕi
��< ��/X-5{a��+%_��3=��J+)6�� ] -�<#��-�<�<#�K_D=?F"��-�4 <#��2�2(��� +K4G2�F��#�

i
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Ξ
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4%+%=16G=12(�D+%<�=��J+%+��D/1<\6��T_s~9-�_D4G+.6��D<��#�#�J=?< -[D0��<"-�	 / <34 !
�Y-:/��*��< 671 4��3=1/1=?<#���\/%�D<W�.DmH��#��<3<�=��J+%<(6��D<W2�-[<
�5�3=?_"��<,6��N��=1}J=?6%=%�3Fb�.� 6��E2�-�<3< �y_"���#�#��<3HA�J+%69-:+=�3< Z 4%+b2�-�=1/?/X-�}��C�D+

1D
-7im= �J+b+����#�

Ax
�
Ay

���
Az B � �D<3HA�D_.�;= >*�D2(�D+!�

Mx

�
My

�.�
Mz

C /%�D<,2�-&�#�3=1_��D<T6��_�3=?}J=16%=)�;F B � �D<�H;��_��;= >*��2+��+=�!/%�D<,2�-&�5��=1_��D<
6���2 -�<�<#� C _��*�#� �D<�H;�J+G69-�+!�;<T-�4.2 -�=?/1/1-�}*�Y6��D<��5� �J=1<Y- D���<"� �J+ -�@

A = Ax ⊗My ⊗Mz +Mx ⊗ Ay ⊗Mz +Mx ⊗My ⊗ Az, B �B- ?�
oC
���

M = Mx ⊗My ⊗Mz, B �B- ? J C
����� /�� < 9K2 ] �J/�� ⊗ 6%FD<�=1}J+��b/�� H�� �m6G4%=%���#�D+%< �*�3=%�D/,6��b2 -&�#�3=?_"�D<�� 6GF � +%=%�bH9-��b@ H;�J4����5�J4%<

�D+!�;=%�"�3<A<6�5�3=?_��#�D2(�D+!�EHA�J<3=)�;=?{S<
m

�
n
�
k

���
l
- z �J4��N�5��4��5��<E2 -&�#�3=?_"�D<

R = (rij) ∈ Mk,l(R)
���

S = (sij) ∈ Mm,n(R)
�

R⊗ S :=




s11R . . . s1nR
. . . . . . . . .
sm1R . . . smnR


 ∈ Mkm,ln(R). B �B- ? � C
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