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Motivations Glassy dynamics

Glassy systems: a picture
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Fig.1 from Ritort and Sollich, Adv. in Phys. 52 219 (2003)
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Motivations Glassy dynamics

Glassy systems: experimental characterisation

Real systems

glasses obtained from supercooled liquids

colloids

magnetic spin glasses

polydisperse gases of hard spheres

Dramatic slow-down of the dynamics

viscosity strongly depends on temperature

large relaxation times τ , heuristic fits:
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Real systems

glasses obtained from supercooled liquids

colloids

magnetic spin glasses

polydisperse gases of hard spheres

Dramatic slow-down of the dynamics

viscosity strongly depends on temperature

large relaxation times τ , heuristic fits:

τ ∼ exp
(

A
T − T0

)

or τ ∼ exp
(

A
T b

)

or . . .
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Motivations Glassy dynamics

Anomalous decay of correlation function: aging

experimental data
(magnetic spin glass)
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from Hérisson and Ocio, PRL 88 257202 (2002)
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Motivations Glassy dynamics

Hysteresis

specific heat in a kinetically
constrained model

from Graham, Piché and Grant, J. Phys. Cond. Matt., 5 L349 (1993)
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Motivations Glassy dynamics

Diverging length

Berthier et al., Science 310 1797 (2005)

(n ≥ 4)-point correlator
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Motivations Glassy dynamics

BUT. . .

Santen and Krauth, Nature 405 550 (2000)
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Thermodynamics of histories Outline

Thermodynamic of histories for glassy systems

Chaotic Properties of Systems with Markov Dynamics

VL, Appert-Rolland and van Wijland, PRL 91 010601 (2005)

Merolle, Garrahan and Chandler, PNAS 102 10837 (2005)
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Thermodynamics of histories Thermodynamics of histories

Histories vs configurations
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Histories vs configurations

Con�guration

Time
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Thermodynamics of histories Thermodynamics of histories

Historical perspective

Historical background in mathematics

Ruelle’s thermodynamic formalism: deterministic dynamics

work of Kolmogorov, Sinai, Shannon

In physics

Gaspard: discrete time stochastic dynamics

our contribution: continuous time stochastic dynamics
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Thermodynamics of histories Kinetically Constrained Models (KCM)

Kinetically Constrained Models (KCM)

Fredrickson Andersen model in 1D

L sites n = {ni} with ni = 1 or 0 in one dimension

Constraint: at least one neighbor is alive to allow an event
Transition rates:

annihilation with rate W (1i → 0i) = k
creation with rate W (0i → 1i ) = k ′

annihilation: b b b
kk k

creation: b b bb b b b
k ′ k ′ k ′ k ′
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Thermodynamics of histories Kinetically Constrained Models (KCM)

Outline

Classification of histories using time-extensive parameters on [0, t]

number of configuration change: K

“dynamical complexity”: Q+

Q+[history ] = ln Prob[history ]

=

K
∑

k=1

ln
W (nk → nk+1)

r(nk )
with r(n) =

∑

n′ 6=n

W (n → n′)
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Outline

Classification of histories using time-extensive parameters on [0, t]

number of configuration change: K

“dynamical complexity”: Q+

Q+[history ] = ln Prob[history ]

=

K
∑

k=1

ln
W (nk → nk+1)

r(nk )
with r(n) =

∑

n′ 6=n

W (n → n′)

Probing the space of histories: density ρ(K ), ρ(Q+)

ρ(K ) =
∑

histories
from 0 to t

δ
(

K − K [hist]
)

ρ(t)
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Thermodynamics of histories Kolmogorov-Sinai entropy

Dynamical entropy

Kolmogorov Sinai entropy

hKS = − lim
t→∞

1
t

∑

histories

Prob{history} ln Prob{history} = − lim
t→∞

1
t
〈Q+〉

Lyapunov exponents for deterministic dynamics

b

b

δx0

∼ δx0 eλt

time 0 time t
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Thermodynamics of histories Kolmogorov-Sinai entropy

Dynamical entropy

Kolmogorov Sinai entropy

hKS = − lim
t→∞

1
t

∑

histories

Prob{history} ln Prob{history} = − lim
t→∞

1
t
〈Q+〉

Lyapunov exponents for deterministic dynamics

b

b

δx0

∼ δx0 eλt

time 0 time t

Pesin theorem: hKS =
∑

λi>0

λi
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Thermodynamics of histories Dynamical partition function

Dynamical partition function

Probing fluctuations (1): the micro-canonical way

Thermodynamics of configurations

Z (E , N) =
∑

n

δ
(

E −H(n)
)

(large N)
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Dynamical partition function

Probing fluctuations (1): the micro-canonical way

Thermodynamics of configurations

Z (E , N) =
∑

n

δ
(

E −H(n)
)

(large N)

Thermodynamics of histories [Ruelle]

Zdyn(Q+, t) =
∑

histories
from 0 to t

δ
(

Q+ − Q+[history ]
)

(large t)

V. Lecomte (MSC-Paris 7, LPT-Orsay) Thermodynamics of histories 05/10/2006 16 / 26



Thermodynamics of histories Dynamical partition function

Dynamical partition function

Probing fluctuations (2): the canonical way

Thermodynamics of configurations

Z (β, N) =
∑

n

e−β H(n) = e−N f (β) (large N)

Thermodynamics of histories [Ruelle]

Zdyn(s, t) =
∑

histories
from 0 to t

Prob{history}1−s = e−t fdyn(s) (large t)
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Dynamical partition function
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Thermodynamics of configurations
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e−β H(n) = e−N f (β) (large N)

Thermodynamics of histories [Ruelle]

Zdyn(s, t) =
∑

histories
from 0 to t

Prob{history}1−s = e−t fdyn(s) (large t)

Canonical (dynamical) ensemble

β conjugated to energy

s conjugated to dynamical complexity Q+
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Zdyn(s, t) =
∑

histories
from 0 to t

Prob{history}1−s = e−t fdyn(s) (large t)

Canonical (dynamical) ensemble

ρK (s) =
1

ZK(s, t)

∑

K

e−s K ρ(K )
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Thermodynamics of histories Results

Results

Explicit expression

Zdyn(s, t |C0, t0) =

+∞
∑

K=0

∑

C1,...,CK

∫ t

t0
dt1 r(C0)e

−(t1−t0)r(C0) . . .

∫ t

tK−1

dtK r(CK−1)e−(tK −tK−1)r(CK−1)

e−(t−tK )r(CK )

[

K
∏

n=1

W (Cn−1 → Cn)

r(Cn−1)

]1−s

=
〈

e−s Q+

〉
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Thermodynamics of histories Results

Results

Canonical (dynamical) s-state

micro-canonical: fixed value of Q+

canonical: fixed value of s
s > 0 : more active state (“high” Q+)
s = 0 : steady state
s < 0 : less active state (“low” Q+)

Of practical interest

fdyn(s) = smallest eigenvalue of some operator

corresponding eigenvector = s-state

→ exact results, numerical approach
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A picture of phase coexistence Dynamical phase transition

Dynamical phase transition
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Dynamical phase transition
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A picture of phase coexistence Dynamical phase transition

Dynamical phase transition
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A picture of phase coexistence Dynamical phase transition

Dynamical free energy picture (1)

µ
σ

ρ m0

µ
σ

F
(m

)

From Jack, Garrahan and Chandler, [cond-mat/0604068]
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A picture of phase coexistence Dynamical phase transition

Dynamical free energy picture (2)

Mean-field version of FA model: fdyn(s) = min
ρ

F(ρ, s)
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A picture of phase coexistence Dynamical phase transition

Dynamical free energy picture (2)

Mean-field version of FA model: fdyn(s) = min
ρ

F(ρ, s)

= F(ρ(s), s)
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Dynamical free energy picture (2)

Mean-field version of FA model: fdyn(s) = min
ρ

F(ρ, s)
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Dynamical free energy picture (2)

Mean-field version of FA model: fdyn(s) = min
ρ

F(ρ, s)
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A picture of phase coexistence Conclusion

Conclusions

Framework

Unified picture

Criticality in a “hidden” dynamical direction

Main results

s-states ≡ probe of dynamical aspects of the steady state

Efficient tools to find dynamical phase transition in physical
models

glassiness in KCM’s ↔ s = 0 is a critical point
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A picture of phase coexistence Conclusion

Conclusions

Perspectives – Open questions

Relations between 〈K 2〉c and (n ≥ 4)-correlators?

Measurement of the hKS entropy jump at s = 0?

Non-equivalence of ensemble, non-convex free-energy?

Quantitative behaviour of time relaxation?

Experimental predictions?

Experimental realization of s-states?

References:

PRL 91 010601 (2005)

cond-mat/0606211
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