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Example systems Magnetic domain wall

[Metaxas et al. PRL 99 217208 (2007)]
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Example systems Many other systems

Front of evaporation/imbibition

Front between turbulent modes in liquid crystals
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Example systems Many other systems

Large range of physical scales

Wide spectrum of phenomena

Questions:
▶What are the relevant physical features?
▶ How to characterise the geometry and the dynamics?

Vivien Lecomte (LIPhy) Interfaces & internal degrees of freedom 14/11/2019 7 / 53



Physical description Common features

Order: surface tension

Disorder: substrate impurities

Drive: imposed 〈liquid level〉

Noise: negligible

Order: energetic cost of interface

Disorder: (magnetic) impurities

Drive: external magnetic field

Noise: thermal

Order: convex patches burn faster

Disorder: inhomogeneities

Drive: instability of unburnt grass

Noise: turbulence in the air

Vivien Lecomte (LIPhy) Interfaces & internal degrees of freedom 14/11/2019 8 / 53



Physical description Common features

Order: surface tension

Disorder: substrate impurities

Drive: imposed 〈liquid level〉

Noise: negligible

Order: energetic cost of interface

Disorder: (magnetic) impurities

Drive: external magnetic field

Noise: thermal

Order: convex patches burn faster

Disorder: inhomogeneities

Drive: instability of unburnt grass

Noise: turbulence in the air

Vivien Lecomte (LIPhy) Interfaces & internal degrees of freedom 14/11/2019 8 / 53



Physical description Common features

Order: surface tension

Disorder: substrate impurities

Drive: imposed 〈liquid level〉

Noise: negligible

Order: energetic cost of interface

Disorder: (magnetic) impurities

Drive: external magnetic field

Noise: thermal

Order: convex patches burn faster

Disorder: inhomogeneities

Drive: instability of unburnt grass

Noise: turbulence in the air

Vivien Lecomte (LIPhy) Interfaces & internal degrees of freedom 14/11/2019 8 / 53



Physical description Common features

Large range of physical scales

Wide spectrum of phenomena

Questions:

▶What are the relevant physical features?

• Competition between
order (tends to align)
quenched disorder (tends to deform)

• Noise (space and time fluctuating force)
• Drive (external force or internal instability)

▶When is disorder relevant?

▶ How to characterise the geometry and the dynamics?
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A panorama of results Geometrical and dynamical characterisation

z

r(z, t)

r

z

r(z, t)

rr(t)

▶ Geometry:
• Roughness function B

B(z, t) =
〈[

r(z1 + z, t1 + t)− r(z1, t1)]2
〉

〈. . .〉 = thermal average

. . . = disorder average

• Roughness exponent ζ

B(z,0) ∼ z2ζ (z →∞)

▶ Dynamics:
• Velocity-force characteristic

v(f ) =
〈
∂t r(t)

〉
(t →∞)

Vivien Lecomte (LIPhy) Interfaces & internal degrees of freedom 14/11/2019 11 / 53



A panorama of results Geometrical and dynamical characterisation

z

r(z, t)

r

z

r(z, t)

rr(t)

▶ Geometry:
• Roughness function B

B(z, t) =
〈[

r(z1 + z, t1 + t)− r(z1, t1)]2
〉

〈. . .〉 = thermal average

. . . = disorder average

• Roughness exponent ζ

B(z,0) ∼ z2ζ (z →∞)

▶ Dynamics:
• Velocity-force characteristic

v(f ) =
〈
∂t r(t)

〉
(t →∞)

Vivien Lecomte (LIPhy) Interfaces & internal degrees of freedom 14/11/2019 11 / 53



A panorama of results Geometrical and dynamical characterisation

z

r(z, t)

r

z

r(z, t)

rr(t)

▶ Geometry:
• Roughness function B

B(z, t) =
〈[

r(z1 + z, t1 + t)− r(z1, t1)]2
〉

〈. . .〉 = thermal average

. . . = disorder average

• Roughness exponent ζ

B(z,0) ∼ z2ζ (z →∞)

▶ Dynamics:
• Velocity-force characteristic

v(f ) =
〈
∂t r(t)

〉
(t →∞)

Vivien Lecomte (LIPhy) Interfaces & internal degrees of freedom 14/11/2019 11 / 53



A panorama of results Geometrical and dynamical characterisation

z

r(z, t)

r

z

r(z, t)

rr(t)

▶ Geometry:
• Roughness function B

B(z, t) =
〈[

r(z1 + z, t1 + t)− r(z1, t1)]2
〉

〈. . .〉 = thermal average

. . . = disorder average

• Roughness exponent ζ

B(z,0) ∼ z2ζ (z →∞)

▶ Dynamics:
• Velocity-force characteristic

v(f ) =
〈
∂t r(t)

〉
(t →∞)

Vivien Lecomte (LIPhy) Interfaces & internal degrees of freedom 14/11/2019 11 / 53



A panorama of results Depinning and creep

The velocity-force characteristic v(f )
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A panorama of results Depinning and creep

[E. Agoritsas]

Schematic representation of the protocol.
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A panorama of results Depinning and creep

Depinning transition @ zero temperature

fc

v ∼ (f − fc)
β

fore f

veloity v

Criticality at a threshold force fc [non-equilibrium phase transition]
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β
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veloity v

no disorder
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A panorama of results Depinning and creep

Depinning transition & finite temperature

veloity v

fc

v ∼ (f − fc)
β

fore f

T = 0

reep

regime

T > 0

Creep law: v(f ) f→0∼ e−Uc
T (fc/f )µ [Highly non-linear response]
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A panorama of results Depinning and creep: comparison to experimental results

v(f ) ∼ exp

[
−Uc

T

(
fc
f

)µ ]
(creep law)

µ = 1/4 here [Lemerle et al., PRL 80 849 (1998)]
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A panorama of results Depinning and creep: comparison to experimental results

A remarkable consequence

[Matti Irjala]

Without disorder, type II superconductors would dissipate Ohmically.
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A panorama of results Effective models

A simple picture of depinning?
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A panorama of results Modelisation

Disordered elastic systems

z

r(z, t)

r

r(t)
Elasticity: tends to flatten the interface

Hel =
c
2

∫
dz

(
∇r(z)

)2 [Short-range]

Hel =
c

2π

∫
dzdz ′

(
r(z)− r(z ′)

)2

(z − z ′)2 [Long-range]

Disorder: tends to deform it

Hdis
V =

∫
dz V

(
z, r(z)

)

Force: can induce a motion of the interface

Competition btw “order” and “disorder”
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A panorama of results Modelisation

Some known results

1 Huge variety of physical systems and theoretical approaches
⋆ Elastic manifolds (lines, membranes, interfaces); periodic (vortex

lattices); growth interfaces (aggregation, wetting)

⋆ Methods: field theory, renormalisation group, scaling analysis,
exactly solvable models, “replica trick”

⋆ Reviews: Halpin-Healy&Zhang; Blatter&al.; Quastel; Corwin
2 Nature of fluctuations in dimension 1+1 (elastic line)

⋆ No disorder (V (z, r) ≡ 0):
diffusive (r ∼ z1/2), Edwards-Wilkinson (EW)

⋆ Disorder (V (z, r) 6≡ 0):
super-diffusive (r ∼ z2/3), Kardar-Parisi-Zhang (KPZ)

Disorder is always relevant
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A panorama of results Modelisation

Depinning @ zero temperature

Effective model for the mean interface position r(t)

f = fc: minima vanishf < fc: loal minima

corresponding
tilted potential

α∂t r = f − cosκr︸ ︷︷ ︸
total forceveloity v

fc = 1 fore f

v ∼ (f − fc)
1/2
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A panorama of results Modelisation

Depinning @ finite temperature

Effective model for the mean interface position r(t)

f = fc: minima vanishf < fc: loal minima

corresponding
tilted potential

α∂t r = f − cosκr︸ ︷︷ ︸
total force

+η

veloity v

fc = 1

v ∼ (f − fc)
1/2

fore f

T = 0thermalroundingT > 0
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A panorama of results Modelisation

Depinning @ finite temperature

Effective model for the mean interface position r(t)

f = fc: minima vanishf < fc: loal minimaveloity v

fc = 1

v ∼ (f − fc)
1/2

fore f

T = 0thermalroundingT > 0

• Depinning: ok, but “mean-field” depinning exponent 1/2
• Creep: not ok (linear response at f � fc instead of creep law)
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A panorama of results Modelisation

A simple picture of creep?
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A panorama of results Modelisation

From one to two effective degrees of freedom

[Elisabeth Agoritsas, Reinaldo García-García, VL, Lev Truskinovsky and
Damien Vandembroucq, J. Stat. Phys. 164 1394 (2016)]
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A panorama of results Geometrical characterisation

Geometry: the roughness B(z)
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A panorama of results Geometrical characterisation

Roughness function B(z) (now at equal times)

B(z) =
〈[

r(z1 + z, t)− r(z1, t)]2
〉
∼ z2ζ (z →∞)

Front between turbulent modes in liquid crystals
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A panorama of results Geometrical characterisation

Roughness function B(z) (now at equal times)

B(z) =
〈[

r(z1 + z, t)− r(z1, t)]2
〉
∼ z2ζ (z →∞)

At non-zero f :

[Ezequiel Ferrero, Laura Foini, Thierry Giamarchi, Alejandro Kolton, Alberto
Rosso,PRL 118 147208 (2017)]

As f increases, ζ moves from ζeq = 2
3 to ζdep ≈ 1.15
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Role of hidden degrees of freedom Outline

Outline

1 Examples
Systems
Questions

2 A panorama of results
Zero temperature: the depinning transition
Small temperature: creep and thermal rounding

3 Role of hidden degrees of freedom
Examples
Results
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Role of hidden degrees of freedom Limitations
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Role of hidden degrees of freedom Limitations

Is the knowledge of r (z) sufficient?

→ Consider the dynamics of simple examples.
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Role of hidden degrees of freedom Limitations

Spintronics

from Yamanouchi et al., Science 317 1726 (2007)

Vivien Lecomte (LIPhy) Interfaces & internal degrees of freedom 14/11/2019 28 / 53



Role of hidden degrees of freedom Model

Bulk model⇝ effective description

from Tatara et al., J. Phys. Soc. Jap 77 031003 (2008)
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Role of hidden degrees of freedom Model

Bulk model⇝ effective description

from Tatara et al., J. Phys. Soc. Jap 77 031003 (2008)

Bulk energy

E =

∫
ddx

{
J
[
(∇θ)2 + sin2 θ(∇ϕ)2

]
+ K sin2 θ + K⊥ sin2 θ cos2 ϕ

}
Equation of motion (Landau-Lifshitz-Gilbert)

∂tΩ = Ω×
(δE
δΩ

+ f + η
)
− Ω×

(
α∂tΩ

)
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Role of hidden degrees of freedom Model

Bulk model⇝ effective description

from Tatara et al., J. Phys. Soc. Jap 77 031003 (2008)

Effective equations

α∂t r − ∂tϕ = J(∇r)2 + Fpinning + fext + η1

α∂tϕ+ ∂t r︸ ︷︷ ︸
damping

= J(∇ϕ)2 − 1
2

K⊥ sin2ϕ︸ ︷︷ ︸
forces

+ η2︸ ︷︷ ︸
thermal
noise

Further simplification:
Model reduction (from many to few degrees of freedom)
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Role of hidden degrees of freedom Model

Bulk model⇝ effective description

from Tatara et al., J. Phys. Soc. Jap 77 031003 (2008)

Case of a rigid wall (no elasticity)

α∂t r − ∂tϕ =

pinning︷ ︸︸ ︷
− cosκr +

external︷︸︸︷
f + η1

α∂tϕ+ ∂t r = −1
2

K⊥ sin2ϕ + η2

Effective model: collective degrees of freedom

Position r(t) coupled to phase ϕ(t)
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Role of hidden degrees of freedom Large K⊥

Depinning @ zero temperature

(1st case) Large K⊥: ϕ decouples from r

f = fc: minima vanishf < fc: loal minima

corresponding
tilted potential

α∂t r = f − cosκr︸ ︷︷ ︸
total forceveloity v

fc = 1 fore f

v ∼ (f − fc)
1/2

Vivien Lecomte (LIPhy) Interfaces & internal degrees of freedom 14/11/2019 30 / 53



Role of hidden degrees of freedom Large K⊥

Depinning @ finite temperature

(1st case) Large K⊥: ϕ decouples from r

f = fc: minima vanishf < fc: loal minima

corresponding
tilted potential

α∂t r = f − cosκr︸ ︷︷ ︸
total force

+η

veloity v

fc = 1

v ∼ (f − fc)
1/2

fore f

T = 0thermalroundingT > 0
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Role of hidden degrees of freedom Small K⊥

Depinning @ zero temperature

(2nd case) Small K⊥: ϕ matters

α∂t r − ∂tϕ = f − cosκr

α∂tϕ+ ∂t r = −1
2

K⊥ sin2ϕ
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Role of hidden degrees of freedom Small K⊥

Depinning @ zero temperature

(2nd case) Small K⊥: ϕ matters
Dramatic change in the depinning law: v ∼ 1

| log(f−f⋆c )|

bistableregime
fc fore ff⋆

c

v ∼ 1
| log(f−f ⋆

c )|

veloity v

v ∼ (f − fc)
1
2

Depinning at lower critical force: f ⋆c < fc
Bistability
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Role of hidden degrees of freedom Small K⊥

Physical interpretation

In the bistable regime f ⋆c < f < fc : ϕ helps r to cross barrierspotential seen by r

potential seen by φ
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Role of hidden degrees of freedom Small K⊥

Phase space

In the bistable regime (f ⋆c < f < fc)
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Role of hidden degrees of freedom Small K⊥

Phase space

Homoclinic bifurcation: (ε ∝ fc − f > 0)

H1 = (0, 0)
r̃

S = (−ε, 0)

ϕ̃

f > f ⋆


f < f ⋆
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Role of hidden degrees of freedom Small K⊥

Phase space: T > 0

Homoclinic bifurcation with noise: (ε ∝ fc − f > 0)

������������������
������������������
������������������

������������������
������������������
������������������

H1 = (0, 0)
r̃

S = (−ε, 0)

d(ε)

ϕ̃

∝
√
T

f > f ⋆


escape time ∼ exp

(
ε3

T

)
︸ ︷︷ ︸

Arrhenius

exp

(
−A

T
d(ε)2

)
︸ ︷︷ ︸

Trapping probability
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Role of hidden degrees of freedom Small K⊥

Finite temperature

T = 0

T > 0

T → 0
+

v

f⋆ ff⋆⋆
Force-velocity characteristics
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Role of hidden degrees of freedom Small K⊥

This is not the end of the story

(3rd case) Even smaller K⊥

potential seen by r

potential seen by φ

The phase ϕ plays the role of inertia: helps to cross barriers
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Role of hidden degrees of freedom Small K⊥

This is not the end of the story

(3rd case) Even smaller K⊥potential seen by r

potential seen by φ

inertia is unbounded whereas ϕ is bounded and periodic
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Role of hidden degrees of freedom Even smaller K⊥

Topological transition

f

v

W(ϕ) = 1

W(r) = 1

W(ϕ) = 0

W(r) = 1

topologialtransition

Successive regimes characterised by winding numbersW
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Role of hidden degrees of freedom Even smaller K⊥

Experimental test? SPINTRONICS

experiment from Yang, Beach et al., PRL 102 067201 (2009)

∝ 〈∂tϕ〉
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Role of hidden degrees of freedom Inertia

A correspondence: dynamics of a massive particle

f = fc: minima vanishf < fc: loal minima

m ∂2
t r + α∂t r = f − cos κr

(⇔ Josephson junction )
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Role of hidden degrees of freedom Inertia

A correspondence: dynamics of a massive particle

f = fc: minima vanishf < fc: loal minima

corresponding
tilted potential

m ∂2
t r + α∂t r = f − cos κr
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Role of hidden degrees of freedom Inertia

A correspondence: dynamics of a massive particle

f = fc: minima vanishf < fc: loal minima

corresponding
tilted potential

m ∂2
t r + α∂t r = f − cos κr

Two regimes of mass:
Small masses (m < mc):
same depinning transition as for m = 0
Larger masses (m > mc):

bistableregime
fc fore ff⋆

c

v ∼ 1
| log(f−f ⋆

c )|

veloity v

v ∼ (f − fc)
1
2
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A correspondence: dynamics of a massive particle

f = fc: minima vanishf < fc: loal minima

corresponding
tilted potential

m ∂2
t r + α∂t r = f − cos κr

Two regimes of mass:
Small masses (m < mc):
same depinning transition as for m = 0
Larger masses (m > mc):

bistableregime
fc fore ff⋆

c

v ∼ 1
| log(f−f ⋆

c )|

veloity v

v ∼ (f − fc)
1
2

Vivien Lecomte (LIPhy) Interfaces & internal degrees of freedom 14/11/2019 39 / 53



Role of hidden degrees of freedom Inertia

A correspondence: dynamics of a massive particle

f = fc: minima vanishf < fc: loal minima

corresponding
tilted potential

m ∂2
t r + α∂t r = f − cos κr

Ongoing work [V. Purrello, AB. Kolton]:
Criterion for the critical mass mc?
Dependency on the details of the potential.
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Role of hidden degrees of freedom Inertia

A correspondence: dynamics of a massive particle

f = fc: minima vanishf < fc: loal minima

corresponding
tilted potential

m ∂2
t r + α∂t r = f − cos κr

Ongoing work [V. Purrello, AB. Kolton]:
Criterion for the critical mass mc?
Dependency on the details of the potential.
Scaling analysis in the regime fc − f ⋆c → 0?
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Role of hidden degrees of freedom Inertia

A correspondence: dynamics of a massive particle

f = fc: minima vanishf < fc: loal minima

corresponding
tilted potential

m ∂2
t r + α∂t r = f − cos κr

Ongoing work [V. Purrello, AB. Kolton]:
Criterion for the critical mass mc?
Dependency on the details of the potential.
Scaling analysis in the regime m −mc → 0?
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Role of hidden degrees of freedom Inertia

A correspondence: dynamics of a massive particle

f = fc: minima vanishf < fc: loal minima

corresponding
tilted potential

m ∂2
t r + α∂t r = f − cos κr

Ongoing work [V. Purrello, AB. Kolton]:
Criterion for the critical mass mc?
Dependency on the details of the potential.
Phase diagram

[α = m−1/2]
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Role of hidden degrees of freedom Non-rigid interface

Including elasticity (full 1D interface)
[Ongoing work with Alejandro Kolton, Victor Purrello]

m ∂2
t r + α∂t r = c∂2

z r + f − ∂zV (r)

Interface with a inertia (velocity = internal degree of freedom)
Is there a critical mass mc? (i.e. m > mc ⇒ depinning changes)
−→What is the phase diagram?
How is the depinning affected?
−→ Bistability? Finite depinning exponent β?

How are geometrical properties affected?
How, in presence of disorder, can there be a cooperation
between position and velocity?
What are the effects of temperature?

Vivien Lecomte (LIPhy) Interfaces & internal degrees of freedom 14/11/2019 40 / 53



Role of hidden degrees of freedom Non-rigid interface

Including elasticity (full 1D interface)
[Ongoing work with Alejandro Kolton, Victor Purrello]

m ∂2
t r + α∂t r = c∂2

z r + f − ∂zV (r)

Interface with a inertia (velocity = internal degree of freedom)
Is there a critical mass mc? (i.e. m > mc ⇒ depinning changes)
−→What is the phase diagram?
How is the depinning affected?
−→ Bistability? Finite depinning exponent β?
How are geometrical properties affected?
How, in presence of disorder, can there be a cooperation
between position and velocity?
What are the effects of temperature?
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Role of hidden degrees of freedom Non-rigid interface

Including elasticity (full 1D interface)
[Ongoing work with Alejandro Kolton, Victor Purrello]

m ∂2
t r + α∂t r = c∂2

z r + f − ∂zV (r)

Interface with a inertia (velocity = internal degree of freedom)

There exists a bistable regime (f ⋆c < fc).
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Role of hidden degrees of freedom Non-rigid interface

Including elasticity (full 1D interface)
[Ongoing work with Alejandro Kolton, Victor Purrello]

m ∂2
t r + α∂t r = c∂2

z r + f − ∂zV (r)

Interface with a inertia (velocity = internal degree of freedom)

Cooperative motion f ⋆c < f < fc.
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Role of hidden degrees of freedom Non-rigid interface

Including elasticity (full 1D interface)
[Ongoing work with Alejandro Kolton, Victor Purrello]

m ∂2
t r + α∂t r = c∂2

z r + f − ∂zV (r)

Interface with a inertia (velocity = internal degree of freedom)

Same depinning exponent for m < mc and m = 0.
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Role of hidden degrees of freedom Summary

Summary

Internal degree of freedom
unusual depinning law
bistability at zero T
non-monotonous v(f ) at finite T

Perspective
Interface with elasticity ←→ modified creep law?
Current-driven wall ←→ spintronics?
Experiments ←→ periodic patterning?
Other internal degrees ←→ coupled interfaces?
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unusual depinning law
bistability at zero T
non-monotonous v(f ) at finite T

Perspective
Interface with elasticity ←→ modified creep law?
Current-driven wall ←→ spintronics?
Experiments ←→ periodic patterning?
Other internal degrees ←→ coupled interfaces?
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Open questions and perspectives Active matter

Interfaces in active materials

[Nikolai Nikola, Alexandre P. Solon, Yariv Kafri, Mehran Kardar, Julien Tailleur, Raphaël Voituriez

PRL 117 098001 (2016)]
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Open questions and perspectives Active matter

Interfaces in active materials

[Nikolai Nikola, Alexandre P. Solon, Yariv Kafri, Mehran Kardar, Julien Tailleur, Raphaël Voituriez

PRL 117 098001 (2016)]

▶ Issues:
• Energy is injected and dissipated in the bulk.
• Usual concepts of thermodynamics (pressure,. . . ) do not apply.

▶ Questions:
• How to understand fluctuations of interfaces/walls?
• How to build effective models?
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Open questions and perspectives Active matter

Interfaces dynamics of tissues

?−→
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Open questions and perspectives Active matter

Interfaces dynamics of tissues

?−→
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Open questions and perspectives Soft matter

Relation between yielding and depinning

F
ext

(t)

F
ext

(t)

F
ext

(t)

�̇(t) or ⌃
ext

(t)

[E. Agoritsas]

• Yielding transition↔ depinning transition
• Burst dynamics↔ avalanche dynamics
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Open questions and perspectives Fundamentals

Relation between bulk and effective descriptions

[Nirvana Belén Caballero, Elisabeth Agoritsas, Thierry Giamarchi]
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Open questions and perspectives Fundamentals

Thank you for your attention!

Vivien Lecomte (LIPhy) Interfaces & internal degrees of freedom 14/11/2019 46 / 53



Open questions and perspectives Fundamentals

Additional slides
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Open questions and perspectives Fundamentals

Equilibrium directed polymer at temperature T (and
f = 0)

Elasticity: tends to flatten the interface



weight of (y(t))0<t<tf :

e−HV

/
T

with

HV = Hel +Hdis
V

Hel[y(t), tf] =
c
2

∫ tf

0
dt

[
∂ty(t)

]2

Disorder: tends to bend it

Hdis
V [y(t), tf] =

∫ tf

0
dt V

(
t , y(t)

)
Competition btw “order” and “disorder”
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Open questions and perspectives Fundamentals

Equilibrium directed polymer at temperature T (and
f = 0)

Elasticity: tends to flatten the interface



weight of (y(t))0<t<tf :

e−HV

/
T

with

HV = Hel +Hdis
VHel[y(t), tf] =

c
2

∫ tf

0
dt

[
∂ty(t)

]2

Disorder: tends to bend it

Hdis
V [y(t), tf] =

∫ tf

0
dt V

(
t , y(t)

)
Competition btw “order” and “disorder”

Interpretations of the elastic Hamiltonian:
elasticity or kinetic energy or Wiener measure
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Open questions and perspectives Fundamentals

Equilibrium directed polymer at temperature T (and
f = 0)

Elasticity: tends to flatten the interface



weight of (y(t))0<t<tf :

e−HV

/
T

with

HV = Hel +Hdis
VHel[y(t), tf] =

c
2

∫ tf

0
dt

[
∂ty(t)

]2

Disorder: tends to bend it

Hdis
V [y(t), tf] =

∫ tf

0
dt V

(
t , y(t)

)
Competition btw “order” and “disorder”

Ingredients up to now:
elastic constant c disorder potential V (t , y) temperature T
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Open questions and perspectives Fundamentals

A naive scaling argument 1/3

Roughness function (variance of the end-point fluctuations):

B(tf) =
〈
y(tf)2

〉
· = disorder

average 〈 · 〉 = thermal
average

Path-integral writing:

B(tf) =
∫
DV P[V ]

∫
y(0)=0Dy(t) y(tf)2 e− 1

T H[y(t),V ;tf]∫
y(0)=0Dy(t)e− 1

T H[y(t),V ;tf]

Uncorrelated disorder: Gaussian, centered, with

V (t , y)V (t ′, y ′) = D δ(t ′ − t)δ(y ′ − y)

which rescales as

V (b t̂ ,a ŷ) d
= a− 1

2 b− 1
2 D

1
2 V̂ (̂t , ŷ)
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Open questions and perspectives Fundamentals

A naive scaling argument 2/3

Flory rescaling: t = tf t̂ , y = tζF
f

( D
c2

) 1
5 ŷ , ζF = 3

5
ensures

1
T
Hel =

(cD2)1/5

T
t1/5
f

1
2

∫ 1

0
dt̂

[
∂t̂ ŷ (̂t)

]2

1
T
Hdis d

=
(cD2)1/5

T
t1/5
f

∫ 1

0
dt̂ V̂

(
t̂ , ŷ (̂t)

)
with correlations:

V̂ (̂t , ŷ)V̂ (̂t ′, ŷ ′) = δ(̂t ′ − t̂)δ(ŷ ′ − ŷ)
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Open questions and perspectives Fundamentals

A naive scaling argument 2/3

Flory rescaling: t = tf t̂ , y = tζF
f

( D
c2

) 1
5 ŷ , ζF = 3

5
Rescaling of the roughness

B(tf) =
[ D

c2

]2/5
t6/5
f B̂(tf)

B̂(tf) =

∫
ŷ(0)=0
Dŷ (̂t) ŷ(1)2 exp

{
− (cD2)

1
5

T t
1
5

f

∫ 1

0
dt̂

[
1
2(∂t̂ ŷ)

2 + V̂ (̂t , ŷ (̂t))
]}

∫
ŷ(0)=0
Dŷ (̂t) exp

{
− (cD2)

1
5

T t
1
5

f

∫ 1

0
dt̂

[
1
2(∂t̂ ŷ)

2 + V̂ (̂t , ŷ (̂t))
]}

If saddle-point trajectory ŷ⋆(̂t) exists at tf →∞, it is indep. of tf

B(tf) =
[ D

c2

]2/5
t6/5
f ŷ⋆(1)2 not the expected KPZ behaviour ∼ t4/3

f
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Open questions and perspectives Fundamentals

A naive scaling argument 3/3

Where is tf? In the disorder correlations on a lengthscale ξ:

V (z, x)V (z ′, x ′) = D δ(z ′ − z)Rξ(x ′ − x)
R

Ξ
HxL scaling as Rξ(x) = 1

ξ Rξ=1(x/ξ)
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Open questions and perspectives Fundamentals

A naive scaling argument 3/3

Where is tf? In the disorder correlations on a lengthscale ξ:

V (z, x)V (z ′, x ′) = D δ(z ′ − z)Rξ(x ′ − x)

Flory rescaling: t = tf t̂ , y = tζF
f

( D
c2

) 1
5 ŷ , ζF = 3

5
Rescaling of the roughness

B(tf) =
[ D

c2

]2/5 t6/5
f B̂(tf) where denoting ξ̂(tf) =

ξ

tζF
f

( D
c2

) 1
5

B̂(tf) =

∫
ŷ(0)=0
Dŷ (̂t) ŷ(1)2 exp

{
− (cD2)

1
5

T t
1
5

f

∫ 1

0
dt̂

[
1
2(∂t̂ ŷ)

2 + V̂ξ̂(tf)
(̂t , ŷ (̂t))

]}
∫

ŷ(0)=0
Dŷ (̂t) exp

{
− (cD2)

1
5

T t
1
5

f

∫ 1

0
dt̂

[
1
2(∂t̂ ŷ)

2 + V̂ξ̂(tf)
(̂t , ŷ (̂t))

]}
B(tf) =

[ D
c2

]2/5 t6/5
f ŷ⋆(1)2

{
the tf →∞ saddle-point trajectory
ŷ⋆(̂t) depends on tf through ξ̂(tf)

}
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Open questions and perspectives Fundamentals

A naive scaling argument 3/3

Where is tf? In the disorder correlations on a lengthscale ξ:

V (z, x)V (z ′, x ′) = D δ(z ′ − z)Rξ(x ′ − x)

Flory rescaling: t = tf t̂ , y = tζF
f

( D
c2

) 1
5 ŷ , ζF = 3

5
Rescaling of the roughness

B(tf) =
[ D

c2

]2/5 t6/5
f B̂(tf) where denoting ξ̂(tf) =

ξ

tζF
f

( D
c2

) 1
5

B̂(tf) =

∫
ŷ(0)=0
Dŷ (̂t) ŷ(1)2 exp

{
− (cD2)

1
5

T t
1
5

f

∫ 1

0
dt̂

[
1
2(∂t̂ ŷ)

2 + V̂ξ̂(tf)
(̂t , ŷ (̂t))

]}
∫

ŷ(0)=0
Dŷ (̂t) exp

{
− (cD2)

1
5

T t
1
5

f

∫ 1

0
dt̂

[
1
2(∂t̂ ŷ)

2 + V̂ξ̂(tf)
(̂t , ŷ (̂t))

]}
B(tf) =

[ D
c2

]2/5 t6/5
f ŷ⋆(1)2

{
· · ·

}
⇒ modifies the exponent

6
5
7→ 4

3
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Open questions and perspectives Free energy and KPZ

Free-energy fluctuations of trajectories (0,0)⇝ (t , y)

How to solve this issue?
Partition function ZV vs. Free-energy FV

ZV (t , y) =
∫ y(t)=y

y(0)=0
Dy(t ′)e− 1

T HV [y(t ′),t] FV (t , y) = −
1
T

logZV (t , y)

Stochastic Heat Equation (Feynman-Kac formula)

∂tZV =
[ T

2c
∂2

y −
1
T

V (t , y)
]
ZV (t , y) (SHE)

Linear, multiplicative noise
Kardar-Parisi-Zhang equation

∂tFV =
T
2c

∂2
y FV −

1
2c

[
∂yFV

]2
+ V (t , y) (KPZ)

Non-linear, additive noise
FV (t , y) ≡ interface height at position y and time t
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Open questions and perspectives Free energy and KPZ

Free-energy fluctuations of trajectories (0,0)⇝ (t , y)

How to solve this issue?
Partition function ZV vs. Free-energy FV

ZV (t , y) =
∫ y(t)=y

y(0)=0
Dy(t ′)e− 1

T HV [y(t ′),t] FV (t , y) = −
1
T

logZV (t , y)

Stochastic Heat Equation (Feynman-Kac formula)

∂tZV =
[ T

2c
∂2

y −
1
T

V (t , y)
]
ZV (t , y) (SHE)

Linear, multiplicative noise, reversible
Kardar-Parisi-Zhang equation

∂tFV =
T
2c

∂2
y FV −

1
2c

[
∂yFV

]2
+ V (t , y) (KPZ)

Non-linear, additive noise, non-reversible
FV (t , y) ≡ interface height at position y and time t
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Open questions and perspectives Free energy and KPZ

Free-energy fluctuations of trajectories (0,0)⇝ (t , y)

How to solve this issue?
Partition function ZV vs. Free-energy FV

ZV (t , y) =
∫ y(t)=y

y(0)=0
Dy(t ′)e− 1

T HV [y(t ′),t] FV (t , y) = −
1
T

logZV (t , y)

Stochastic Heat Equation (Feynman-Kac formula)

∂tZV =
[ T

2c
∂2

y −
1
T

V (t , y)
]
ZV (t , y) (SHE)

Linear, multiplicative noise, ZV (0, y) = δ(y)
Kardar-Parisi-Zhang equation

∂tFV =
T
2c

∂2
y FV −

1
2c

[
∂yFV

]2
+ V (t , y) (KPZ)

Non-linear, additive noise, FV (0, y): “sharp wedge” initial cond.
FV (t , y) ≡ interface height at position y and time t
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Open questions and perspectives Free energy and KPZ

Statistical tilt symmetry

How to solve this issue?
Partition function ZV vs. Free-energy FV

ZV (t , y) =
∫ y(t)=y

y(0)=0
Dy(t ′)e− 1

T HV [y(t ′),t] FV (t , y) = −
1
T

logZV (t , y)

Statistical Tilt Symmetry

FV (t , y) = c
y2

2t
+

T
2
log

2πTt
c︸ ︷︷ ︸

thermal contribution
FV≡0

+ F̄V (t , y)︸ ︷︷ ︸
disorder

contribution

(STS)

Tilted KPZ equation for F̄V (t , y)

∂t F̄V+
y
t
∂y F̄V =

T
2c

∂2
y F̄V −

1
2c

[
∂y F̄V

]2
+ V (t , y)

Non-linear, additive noise, F̄V (0, y) ≡ 0: “simple” initial cond.
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Open questions and perspectives Free energy and KPZ

Statistical tilt symmetry

How to solve this issue?
Partition function ZV vs. Free-energy FV

ZV (t , y) =
∫ y(t)=y

y(0)=0
Dy(t ′)e− 1

T HV [y(t ′),t] FV (t , y) = −
1
T

logZV (t , y)

Statistical Tilt Symmetry

FV (t , y) = c
y2

2t
+

T
2
log

2πTt
c︸ ︷︷ ︸

thermal contribution
FV≡0

+ F̄V (t , y)︸ ︷︷ ︸
disorder

contribution

(STS)

Tilted KPZ equation for F̄V (t , y)

∂t F̄V+
y
t
∂y F̄V =

T
2c

∂2
y F̄V −

1
2c

[
∂y F̄V

]2
+ V (t , y)

Non-linear, additive noise, F̄V (0, y) ≡ 0: “simple” initial cond.
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Open questions and perspectives Free energy and KPZ

Known results @ξ = 0 [⇐⇒ T →∞@ξ > 0]

Infinite-time limit tf →∞ (steady state)
F̄ (tf =∞, y) distributed as a 2-sided Brownian Motion

i.e. : P
[
F̄ (tf =∞, y)

]
Gaussian, of correlator[

F̄ (tf =∞, y)− F̄ (tf =∞, y ′)
]2

= D̃ |y − y ′| with D̃ =
cD
T

Rescaling of the disorder free-energy F̄ (tf =∞,aŷ)

F̄ (tf =∞,aŷ) d
= a1/2D̃1/2 F̂ (tf =∞, ŷ)︸ ︷︷ ︸

D̃=1
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Open questions and perspectives Free energy and KPZ

Saddle-point argument for the KPZ exponent

Flory rescaling for the free-energy

t = tf t̂ , y = (D̃/c2)
1
3 t

2
3

f ŷ , F̄V (t , y)
(d)
= (D̃2tf/c)1/3F̂ (̂t , ŷ)

Rescaling of the roughness

B(tf) ∼
tf→∞

[ D̃
c2

] 2
3 t

4
3

f B̂(tf)

B̂(tf) =

∫
R

dŷ ŷ2 exp
{
− 1

T

( D̃2

c tf
) 1

3
[

ŷ2

2 + F̂ (̂t , ŷ)
]}

∫
R

dŷ exp
{
− 1

T

( D̃2

c tf
) 1

3
[

ŷ2

2 + F̂ (̂t , ŷ)
]}

The tf →∞ saddle-point [B̂(tf) ∼ (ŷ⋆)2 ∼ t0
f ] gives the correct

exponent
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Open questions and perspectives Free energy and KPZ

A simple picture of creep?

Vivien Lecomte (LIPhy) Interfaces & internal degrees of freedom 14/11/2019 47 / 53



Open questions and perspectives Directed Polymer language

1D interface in the Directed Polymer (DP) language

y(t)

No bubbles
No overhangs
Interface lengthscale z

l
DP ‘time’ tf

working at fixed ‘time’ tf ⇐⇒
integration of fluctuations at scales smaller than tf

lengthscale ≡ time duration
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Open questions and perspectives Free energy and KPZ

Free-energy fluctuations of trajectories (0,0)⇝ (t , y)

Time evolution as “renormalisation”
Partition function ZV vs. Free-energy FV

ZV (t , y) =
∫ y(t)=y

y(0)=0
Dy(t ′)e− 1

T HV [y(t ′),t] FV (t , y) = −
1
T

logZV (t , y)

Stochastic Heat Equation (Feynman-Kac formula)

∂tZV =
[ T

2c
∂2

y −
1
T

V (t , y)
]
ZV (t , y) (SHE)

Linear, multiplicative noise
Kardar-Parisi-Zhang equation

∂tFV =
T
2c

∂2
y FV −

1
2c

[
∂yFV

]2
+ V (t , y) (KPZ)

Non-linear, additive noise

[FV (t , y) ≡ interface height at position y and time t ]
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Free-energy fluctuations of trajectories (0,0)⇝ (t , y)

Time evolution as “renormalisation”
Partition function ZV vs. Free-energy FV

ZV (t , y) =
∫ y(t)=y

y(0)=0
Dy(t ′)e− 1

T HV [y(t ′),t] FV (t , y) = −
1
T

logZV (t , y)

Stochastic Heat Equation (Feynman-Kac formula)

∂tZV =
[ T

2c
∂2

y −
1
T

V (t , y)
]
ZV (t , y) (SHE)

Linear, multiplicative noise, reversible
Kardar-Parisi-Zhang equation

∂tFV =
T
2c

∂2
y FV −

1
2c

[
∂yFV

]2
+ V (t , y) (KPZ)

Non-linear, additive noise, non-reversible

[FV (t , y) ≡ interface height at position y and time t ]
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Open questions and perspectives Free energy and KPZ

Free-energy fluctuations of trajectories (0,0)⇝ (t , y)
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∂2

y −
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T
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Linear, multiplicative noise
Kardar-Parisi-Zhang equation

∂tFV =
T
2c

∂2
y FV −

1
2c

[
∂yFV

]2
+ V (t , y) (KPZ)

Non-linear, additive noise
[FV (t , y) ≡ interface height at position y and time t ]
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Open questions and perspectives Free energy and KPZ

Statistical tilt symmetry

Time evolution as “renormalisation”
Partition function ZV vs. Free-energy FV

ZV (t , y) =
∫ y(t)=y

y(0)=0
Dy(t ′)e− 1

T HV [y(t ′),t] FV (t , y) = −
1
T

logZV (t , y)

Statistical Tilt Symmetry

FV (t , y) = c
y2

2t
+

T
2
log

2πTt
c︸ ︷︷ ︸

thermal contribution
FV≡0

+ F̄V (t , y)︸ ︷︷ ︸
disorder

contribution

(STS)
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Open questions and perspectives Free energy and KPZ

Known result

Infinite-time limit tf →∞ (steady state)
F̄ (tf =∞, y) distributed as a Brownian motion along y

i.e. : P
[
F̄ (tf =∞, y)

]
Gaussian, of correlator[

F̄ (tf =∞, y)− F̄ (tf =∞, y ′)
]2

= D̃ |y − y ′|

Rescaling of the disorder free-energy F̄ (tf =∞,aŷ)

F̄ (tf =∞,aŷ) d
= a1/2D̃1/2 F̂ (tf =∞, ŷ)︸ ︷︷ ︸

D̃=1
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Open questions and perspectives Free energy and KPZ

Non-linear response at small force

[Elisabeth Agoritsas, Reinaldo García-García, VL, Lev Truskinovsky and
Damien Vandembroucq, J. Stat. Phys. 164 1394 (2016)]
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Open questions and perspectives Free energy and KPZ

Effective model

Mean velocity←→ Mean First Passage Time problem (MFPT)
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Open questions and perspectives Free energy and KPZ

Effective model

Mean velocity←→ Mean First Passage Time problem (MFPT)
Effective model at fixed tf: quasistatic dynamics

⋆ motion of a segment of length tf
⋆ extremities yi and yf follow Langevin dynamics
⋆ forces derive from F f

V (tf, yf|ti, yi)
⋆ exact at f = 0

Optimisation over tf at fixed f
⋆ optimal tf yielding the avalanche size at fixed f
⋆ saddle-point argument after rescaling
⋆ yields the creep law

velocity ∼ exp
{
−
[critical force

force
]1/4

}
⋆ creep exponent 1

4 related to the KPZ exponent 2
3
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