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Space-time “bubbles” of inactivity

space ——>

time¢ ———
From: Merolle, Garrahan and Chandler, PNAS 102, 10837 (2005)
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System
Dynamical phase transition: FA model (d=1)
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Kinetically Constrained Models System

Dynamical phase transition: FA model (d=1)
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Dynamical Landau free energy F(p, S)

Probability, in the s-state, to measure o~ ILF(p)

a time-averaged density p btw. 0 and t
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Dynamical Landau free energy F(p, S)

Probability, in the s-state, to measure o~ ILF(p)

a time-averaged density p btw. 0 and t

(e7K5(in) — Lp) )| ~ e7tL 70

Extremalization procedure

(s) = —min F(p, s)
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Dynamical Landau free energy F(p, S)

Probability, in the s-state, to measure o~ ILF(p)

a time-averaged density p btw. 0 and t
<e—sK5(<n> _ Lp)>‘ ~ e—tL]-'(p,s)

Extremalization procedure

(s) = —min F(p, s)

Minimum reached at p = p(s):
U(8) = F(p(s), s)
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Dynamical Landau free energy
Dynamical Landau free-energy landscape
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Dynamical Landau free energy
Dynamical Landau free-energy landscape
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Dynamical Landau free energy
Dynamical Landau free-energy landscape
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Dynamical Landau free energy
Dynamical Landau free-energy landscape

Flp,s=0)
equilibrium (s = 0)
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Open questions

@ Finite-size scaling
@ Results in finite dimension
@ Measurable (s = 0) consequences of the transition, at finite time
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Questions

time-integrated current Q
- profile p(x) -

@ Non-equilibrium steady-state

Prob[p(x)]
@ (Non-)equilibrium fluctuations of dynamical observables

Prob[Q]

V. Lecomte (LPMA) Large deviations and dyn. phase transitions 12/10/2010 9/27



Transport Models Questions

Questions
. time-integrated current Q .

@ Non-equilibrium steady-state

Prob[p(x)]
@ (Non-)equilibrium fluctuations of dynamical observables

Prob[Q]
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System
Exclusion Processes

maximal

---------------------------- 1| occupation N

@ Configurations: occupation numbers {n;}
@ Exclusionrule: 0 < n; <N
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System
Exclusion Processes

maximal

---------------------------- 1| occupation N
1 1 1 3
P S - P
!

@ Configurations: occupation numbers {n;}
@ Exclusionrule: 0 < n; <N
@ Markov evolution

aP{n}) = [W(ri — m)P({nj}) — W(ni — m)P({n})]

@ Large deviation function of the time-integrated current Q
(e75Q) ~ gl¥(s) (& determining P(Q))
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Kinetically Constrained Models System

Operator representation [Schiitz & Sandow PRE 49 2726]
............................ AL ek
1 1 1 4 ,
po‘:,’=l===========lj‘3’pl
/
otP = WP

W= " [S{Sci1+ Sk Sir — k(1 = fgr) — Pir (1= )]
1<k<L—1

+a[Sf = (1 =) +7[Sy —M]
+0[SF—(1—m)]+8[S — ]

S* and creation and annihilation operators:

STIny=(N—-n)|n+1) S~|n) =n|n—1)
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Kinetically Constrained Models System

Operator representation [Schiitz & Sandow PRE 49 2726]
---------------------------- ok oot
1 1 1 4> ,
Po ‘:)1 + L‘B/ P1
/
HP = WP

W= " [S{Sci1+ Sk Sir — k(1 = fgr) — Pir (1= )]
1<k<L—1

+al[Sf -0 —=m)]+~[S —Mm]
+0[SF—(1—m)]+8[S — ]

S* and creation and annihilation operators:
STIny=(N—-n)|n+1) S~|n) =n|n—1)

S* and S? = i — ¥ are spin operators (with j = )
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Operator representation

maximal

............................ 11 occupation N
11 1 4> ,
PO g
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Periodic Boundary Condiions
Bethe Ansatz method [appert, Derrida, VL, van Wijland, PRE 78 021122]

SSEP: maximal occupation N = 1
Periodic boundary conditions
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Periodic Boundary Condiions
Bethe Ansatz method [appert, Derrida, VL, van Wijland, PRE 78 021122]

SSEP: maximal occupation N = 1
Periodic boundary conditions
Bethe Ansatz:
@ eigenvector of components
N

> AP ] [er]”
P

i=1
@ eigenvalue

1 1
1/1(8):—2,/\/’4_9—5[(14__”_’_@[]_es |:C1++CN,:|

@ Bethe equations

[ 1 - 2e75¢ + e3¢
L_ _ i iSj
G = H [ 1— ge—scj +e—23<{.<}.]

j=1
j#i
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Periodic Boundary Condiions
Bethe Ansatz method [appert, Derrida, VL, van Wijland, PRE 78 021122]

051

,
-10 ~05 0{5 10

Repartition of Bethe roots in the complex plane
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Periodic Boundary Condiions
Finite-size effects [Appert, Derrida, VL, van Wijland, PRE 78 021122]

@ large deviation function

B(s) = 1p(1 = )2 + L2F(U) with u=—Lp(1— p)s?
L ———

| —

order 0 finite-size

@ universal function

o (—2u)f By
7= 2 Ry )

@ scaling of cumulants for the total current
H®) ~L
17<Q2k> ~ L2k—2 (k > 2)
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Periodic Boundary Condiions
Finite-size effects [Appert, Derrida, VL, van Wijland, PRE 78 021122]

@ large deviation function

B(s) = 1p(1 = )2 + L2F(U) with u=—Lp(1— p)s?
L ———

|

order 0 finite-size

@ universal function
F (W
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Hydrodynamic limit
Macroscopic limit [Tailleur, Kurchan, VL, JPA 41 505001]

Q

profile p(x)

Using SU(2) coherent states:

p(t)=pt
(le™lon = [ " DoDp exp(L Slp.rl)
——

p(0)=pi ,
action
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Macroscopic approach Hydrodynamic limit

Macroscopic limit [Tailleur, Kurchan, VL, JPA 41 505001]

Q

profile p(x)

Using SU(2) coherent states:

p(t)=p
(le™ 1) = [ o, DDP oxolL Slp.p)
p(0)=pi "
action
50 - p()=ps A A
(e7°) ~ (pile S|Pi>:/ DpDp exp{L Ss[p, pl}
p(0)=s action
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Hydrodynamic limit
Macroscopic limit [Tailleur, Kurchan, VL, JPA 41 505001]

Q

profile p(x)

Same S¢[p, p] as the MSR action of the Langevin evolution:

Op = —8x[ — Oxp + f}
Ex DX = o1 —p) (X~ X)3(( ~ 1)

N———
density-dependent
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Hydrodynamic limit
Macroscopic limit [Tailleur, Kurchan, VL, JPA 41 505001]

Q

profile p(x)

Same S¢[p, p] as the MSR action of the Langevin evolution:

Op = —8x[ — Oxp + d
Ex DX = o1 —p) (X~ X)3(( ~ 1)

N———
density-dependent

One recovers the action of fluctuating hydrodynamics
[Bertini De Sole Gabrielli Jona-Lasinio Landim]
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@D(S)Z again [Appert, Derrida, VL, van Wijland, PRE 78 021122]

Periodic boundary conditions
More general fluctuating hydrodynamics

th<Q> > Dip) (Fourier’s law)
L1t<02>0 =a(p) (For the SSEP, o = p(1 — p))
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@D(S)Z again [Appert, Derrida, VL, van Wijland, PRE 78 021122]

Periodic boundary conditions
More general fluctuating hydrodynamics

th<Q> > Dip) (Fourier’s law)
L1t<02>0 =a(p) (For the SSEP, o = p(1 — p))

Saddle point evaluation

(e759) ~ /DpDﬁ exp{L Ss[p, ]}

V. Lecomte (LPMA) Large deviations and dyn. phase transitions 12/10/2010 17/27



@D(S)Z again [Appert, Derrida, VL, van Wijland, PRE 78 021122]

Periodic boundary conditions
More general fluctuating hydrodynamics

th<Q> > Dip) (Fourier’s law)
L1t<Q2>C =a(p) (For the SSEP, o = p(1 — p))

Saddle point evaluation

(e759) ~ /DpDﬁ exp{L Ss[p, ]}

Large deviation function

2
1 a2 <Q >C ) .
S)=58"——+ L “DF(u with u= —s

V(8) = 515" (u) 1602

N —’ v

at saddle-point small fluctuations

(determinant)
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Macroscopic approach Large deviation function

Correspondence between
(Gaussian) integration of small fluctuations
AND
discreteness of Bethe root repartition.

More general?
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Large deviation function
With a field [Appert, Derrida, VL, van Wijland, PRE 78 021122]

Periodic boundary conditions
Driving field E
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With a field [Appert, Derrida, VL, van Wijland, PRE 78 021122]
Periodic boundary conditions
Driving field E

Large deviation function

Y(8) = -s(s — E)<072>C + L2DF(u) with u=—s(s— E)L'H
oL t —_—— . 16D2

at saddle-point small fluctuations can become > 0
(determinant)

F(u)
Dynamical phase transition
between
stationnary and non-stationnary
profiles
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Macroscopic approach Large deviation function

After the transition (numerical approach)
1 [ [
v E
= 08} fm\ i
o N
S 06 , -
0 N kS
2 0.4 — ;L thh i
S 020 7 \‘;
©
0’*”""’““:cr | | |

position

Non-steady and non-unifor density profile
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Mapping non-eq. to eq. for the current

Microscopic approach [imparato, VL, van Wijland, PTP 184 276 (2010) ]

Large deviations of the current P(8) = max Sp W(s)

invariant by rotation
W(S) = Z ék : §k+1
1<k<L—1
+o[Sf—(1—=mMm)]+~ S — M
+0[Sfe®—(1—=h)]+ B[S e -
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Mapping non-eq. to eq. for the current

Microscopic approach [imparato, VL, van Wijland, PTP 184 276 (2010) ]

Large deviations of the current P(8) = max Sp W(s)

invariant by rotation
W(S) = Z ék : §k+1
1<k<L-1
+o[Sf—(1—=mMm)]+~ S — M
+0[Sfes— (1 )] +8[Sre™s — ]

Local transformation

QqW(S)Q = Z §k : §k+1

1<k<L—1
+a [S‘T — (1 — fl1 )] + "// [81_ — I,>71]
+o' [sfes/ (- hL)} g [s;efs’ - ﬁL}

~
describes contact with reservoirs of same densities
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for the current
Microscopic approach [imparato, VL, van Wijland, PTP 184 276 (2010) ]

Large deviations of the current P(8) = max Sp W(s)
invariant by rotation
W(s)= > Sk Si
1<k<L—1
+a[S§—(=n)]+7[S; —M]
+0[Sfe®—(1—=h)]+ B[S e -

Local transformation Fluctuations@eq «» Fluctuations@non-eq

QqW(S)Q = Z §k : §k+1

1<k<L—1
+ o [S?— — (1 — fl1 )] =+ "/’/ [81_ — I,>71]
+3'[Sfes = (1= )| + 5 [Spe™ — A

~
describes contact with reservoirs of same densities
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for the current
Macroscopic approach  [imparato, VL, van Wijland, PRE 80 011131]

(6759) ~ / DpDp exp{L Ss[p. o]}

Fluctuations ¢, ¢ around the saddle
p(X: 1) = po(X) + (X, 1) pX, 1) = po(X) + (X, 1)
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Mapping non-eq. to eq. for the current

Macroscopic approach  [imparato, VL, van Wijland, PRE 80 011131]

(0% ~ [ DD exp{LS:lp.sl)
Fluctuations ¢, ¢ around the saddle

p(x, 1) = pe(X) + ¢(x, 1) p(x, 1) = pe(X) + d(x, 1)

Mapping of non-eq. fluctuations ¢, ¢ to eq. fluctuations ¢/, ¢
(X, t) = (8xpo) ' ¢ (X, 1) + (Oxpe) ¥ (x, 1)
o(x,t) = (8xpc)d (x, 1)
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Mapping non-eq. to eq. for the current

Macroscopic approach  [imparato, VL, van Wijland, PRE 80 011131]

(0% ~ [ DD exp{LS:lp.sl)
Fluctuations ¢, ¢ around the saddle
px, 1) = pe(X) + ¢(x; 1) X, 1) = po(x) + $(x. 1)
Mapping of non-eq. fluctuations ¢, ¢ to eq. fluctuations ¢, ¢’

d(x, 1) = (Oxpe) ¢ (X, 1) + (Oxpc) ' H(x, 1)
d(x, 1) = (Oxpc)d' (X, 1)

Large deviation function same F as at eq.
1 D "
wﬂzﬁwnfgf(DﬁwQ
——
saddle

fluctuations
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for the current
Macroscopic approach  [imparato, VL, van Wijland, PRE 80 011131]

Physical remark
In contact with reservoirs, neither SSEP nor KMP present a
‘dynamical phase transition’ (< no singularity in ¥ (s)).
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A
Macroscopic approach  [imparato, VL, van Wijland, PRE 80 011131]

Physical remark
In contact with reservoirs, neither SSEP nor KMP present a
‘dynamical phase transition’ (< no singularity in ¥ (s)).

Technical remark ’ D I
g
N——

/

saddle fluctuations

the saddle also contributes to the order 1/L?
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for the current
Macroscopic approach  [imparato, VL, van Wijland, PRE 80 011131]

Physical remark
In contact with reservoirs, neither SSEP nor KMP present a
‘dynamical phase transition’ (< no singularity in ¥ (s)).

Technical remark
¢(S)—1 (S)+7D F o (s)
- (Mg’ \ op2t
N——

saddle

fluctuations

the saddle also contributes to the order 1/L?
one way to compute these finite-size corrections to saddle:

@ start from W(s)
@ use coherent states to obtain a spatially-discrete action Ss|p, f]
@ solve the spatially-discrete stationary saddle-point equations
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A
Macroscopic approach  [imparato, VL, van Wijland, PRE 80 011131]

Physical remark
In contact with reservoirs, neither SSEP nor KMP present a
‘dynamical phase transition’ (< no singularity in ¥ (s)).

Technical remark
¢(S)—1 (S)+7D F o (s)
- (Mg’ \ op2t
N——

saddle fluctuations

the saddle also contributes to the order 1/L?
one way to compute these finite-size corrections to saddle:

@ start from W(s)

@ use coherent states to obtain a spatially-discrete action Ss|p, f]

@ solve the spatially-discrete stationary saddle-point equations
— How does this translate in the Bethe Ansatz approach?

V. Lecomte (LPMA) Large deviations and dyn. phase transitions 12/10/2010 23/27



Mapping non-eq. to eq. for the density profile

For the current [Imparato, VL, van Wijland, PRE 80 011131]
maximal
Symmetric T i occupation
exclusion Q 11 A.\“*A A
process £0 M ' ' ' . ; : : : : : : : n
w1 L
! 0
Probjemey” (current)
Local i
transformation _
Probzfqa“"””' (current’)
11
o/ AL A, 3
2 R ,
P :71 LST p

System in equilibrium
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Mapping non-eq. to eq. for the density profile

For the density profile

Symmetric
exclusion

process 0

V. Lecomte (LPMA)

maxin}_al

........................................ OCCupa |On

AL

a AN A 4

}_V/:l t t t t t t t t t t t L:Vs{ p]_

Y 0
Probjamey” (profile)

Non-local i
transformation

Probzfqa“"””' (profile”)

EEN TS

System in equilibrium

[Tailleur, Kurchan, VL, JPA 41 505001]
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(o2 e i
Non-local mapping [Tailleur, Kurchan, VL, JPA 41 505001]

Q

profile p(x)

Boundary-driven transport model:
@ long-range correlations
@ breaking of time-reversal symmetry
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(o2 e i
Non-local mapping [Tailleur, Kurchan, VL, JPA 41 505001]

Q

profile p(x)

Boundary-driven transport model:
@ long-range correlations
@ breaking of time-reversal symmetry

Non-local mapping to equilibrium:
@ accounts for long-range correlations
@ (density gradient)non-eq.«— (fixed density)eq.
@ yields Prob[p(x)] through a maximisation principle
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(o2 e i
Non-local mapping [Tailleur, Kurchan, VL, JPA 41 505001]

Q

profile p(x)

Boundary-driven transport model:
@ long-range correlations
@ breaking of time-reversal symmetry

Non-local mapping to equilibrium:
@ accounts for long-range correlations
@ (density gradient)non-eq.«— (fixed density)eq.
@ yields Prob[p(x)] through a maximisation principle

— Applies to non-equilibrium quantum chains?
Large deviations and dyn. phase transitions 12/10/2010
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Summary

Approach:
@ operator formalism
@ large deviation function

Extensions:
@ fluctuating hydrodynamics
@ saddle-point method, instantons
@ integration of fluctuations (dynamical phase transition)

Open questions:

— Eg«»non-eq mapping in higher dimensions?

— More generic systems of interacting particle?

— Link btw the eq«»non-eq mappings?

— Crossover to KPZ? Other universal fluctuations?
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N
Other interests

Random manifolds/directed polymers:

@ With E. Agoritsas & T. Giamarchi:
roughness of interfaces in short-range correlated disorder
functional renormalization group approach

@ With J.-P. Eckmann & T. Giamarchi:
depinning of interfaces with internal degrees of freedom

Fluctuation theorems:

@ With R. Garcia-Garcia, A. Kolton, D. Dominguez:
generic symmetries
non-equilibrium fluctuation-dissipation relation
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