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Introduction

Computational Physics

From intuition to results

An example:
Computational Physics Lectures (W. Krauth) at
‘Fundamental Concept of Physics’ Master 2, ENS
Web site: http://cours-physique.lps.ens.fr

(practical exercices by A. Rosso, VL)
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An example The 13 spheres problem

A problem by Gregory and Newton

Six unit disks packed around Twelve unit outer spheres packed
a unit disk. around a unit inner sphere.
No space is left.

Space is left.
Is that enough for a 13th sphere?

Newton guessed that this was not possible.
The proof came only in 1953 (Schütte and van der Waerden).
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An example The 13 spheres problem

A related problem: packing spheres on a sphere

Exercice:
Determine the maximal radius R of N spheres that we would like
to pack around a sphere of unit radius.
It happens that for N = 13 this maximal radius R is < 1.
Its determination and the determination of a/the optimal
configuration is a complex optimization problem.
We examine some solutions inspired by statistical mechanics.

Naive answers:
Direct sampling: sample N points on the surface of the unit
sphere. The sample is rejected until the spheres do not overlap.
Monte-Carlo: move N points, preserving detailed balance wrt the
uniform measure on the sphere, until the spheres do not overlap.

Both work. Very slowly.
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An example The 13 spheres problem

Simulated annealing

In words:
“Shake the system while decreasing temperature until it reaches
a minimum.”
Start from N non-overlaping spheres of low radius.
Shake: apply Monte-Carlo steps.
Increase the radius.
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An example The 13 spheres problem

Simulated annealing – Python code (i)
import random , math , numpy
N=13; r = .25 ;R= 1 . / ( 1 . / r −1. ) ; tmax=200000; s ig = .25 ;gamma=0.05; random . seed (137)
# I n i t i a l i s a t i o n
t e s t =True
while t e s t :

p o s i t i o n s =[ un i f_sphere ( ) for j in range (N) ]
i f al lowed ( p o s i t i o n s ) : t e s t =False

#Moves
count=0
for t in range ( tmax ) :

k=random . r a n d i n t (0 ,N−1)
newpos=[ p o s i t i o n s [ k ] [ 0 ] + random . gauss (0 , s ig ) , p o s i t i o n s [ k ] [ 1 ] + random . gauss (0 , s ig ) , p o s i t i o n s [ k ] [ 2 ] + random . gauss (0 , s ig ) ]
norm= math . s q r t (sum( xk ∗∗2. for xk in newpos ) )
newpos=[ xk / norm for xk in newpos ]
i f allowed_move ( pos i t i ons , k , newpos ) :

p o s i t i o n s = p o s i t i o n s [ : k ] + [ newpos ]+ p o s i t i o n s [ k + 1 : ]
count+=1

i f t %100==0:
d i s t s = [ ]
for l in range (N) :

d i s t s . extend ( [ d i s t ( p o s i t i o n s [ k ] , p o s i t i o n s [ l ] ) for k in range ( l ) ] )
Upsi lon=min ( d i s t s ) / 2 .
r = r +gamma∗ ( Upsi lon−r )

V. Lecomte (LPMA - Paris) Python & Physics teaching 29/08/2011 8 / 14



An example The 13 spheres problem

Simulated annealing – Python code (ii)

def d i s t ( a , b ) : return math . s q r t ( ( b[0]−a [ 0 ] )∗∗2 + ( b[1]−a [ 1 ] )∗∗2 + ( b[2]−a [ 2 ] )∗∗2 )
def al lowed ( p o s i t i o n s ) :

d i s t s = [ ]
for l in range (N) :

d i s t s . extend ( [ d i s t ( p o s i t i o n s [ k ] , p o s i t i o n s [ l ] ) for k in range ( l ) ] )
return min ( d i s t s )>2∗ r

def allowed_move ( pos i t i ons , k , newpos ) :
d i s t s =[ d i s t ( p o s i t i o n s [ l ] , newpos ) for l in range ( k )+ range ( k+1 ,N ) ]
return min ( d i s t s )>2∗ r

def uni f_sphere ( ) :
sigma = 1 . / math . s q r t ( 3 . )
x =[ random . gauss (0 , sigma ) for i in range ( 3 ) ]
norm= math . s q r t (sum( xk ∗∗2. for xk in x ) )
return [ xk / norm for xk in x ]
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An example The 13 spheres problem

Simulated annealing – A refinement

Adapt the variance σ of the Gaussian distribution in Monte Carlo tentative
moves:
Divide σ by 2 any time the acceptance rate becomes lower than a threshold.
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Simulated annealing – A refinement

Adapt the variance σ of the Gaussian distribution in Monte Carlo tentative
moves:
Divide σ by 2 any time the acceptance rate becomes lower than a threshold.
for t in range ( tmax ) :

k=random . r a n d i n t (0 ,N−1)
newpos=[ p o s i t i o n s [ k ] [ 0 ] + random . gauss (0 , s ig ) , p o s i t i o n s [ k ] [ 1 ] + random . gauss (0 , s ig ) , p o s i t i o n s [ k ] [ 2 ] + random . gauss (0 , s ig ) ]
norm= math . s q r t (sum( xk ∗∗2. for xk in newpos ) )
newpos=[ xk / norm for xk in newpos ]
i f allowed_move ( pos i t i ons , k , newpos ) :

p o s i t i o n s = p o s i t i o n s [ : k ] + [ newpos ]+ p o s i t i o n s [ k + 1 : ]
count+=1

i f t %100==0:
accept=count2 /100 .
i f accept < . 2 : s ig=s ig /2
count=0
d i s t s = [ ]
for l in range (N) : d i s t s . extend ( [ d i s t ( p o s i t i o n s [ k ] , p o s i t i o n s [ l ] ) for k in range ( l ) ] )
Upsi lon=min ( d i s t s ) / 2 .
r = r +gamma∗ ( Upsi lon−r )

We reach a configuration with R=0.9164678249 in a few seconds
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An example The 13 spheres problem
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An example The 13 spheres problem

References:
Schütte K. und van der Waerden B. L., Das Problem der dreizehn
Kugeln, Mathematische Annalen 125, 325 (1953)

Krauth W., Statistical Mechanics Algorithms and Computations,
Cambridge University Press (2006)

Web site of the Master 2 course Computational Physics:
http://cours-physique.lps.ens.fr

Thank you for your attention!
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An example The 13 spheres problem

3d visualisation: mayavi

from mayavi . mlab import points3d , show , f i g u r e
f i g u r e ( bgco lor = ( 0 , 0 , . 1 ) , s i ze =(1000 , 700))
m=1.+R
x , y , z =[m∗pos [ 0 ] for pos in p o s i t i o n s ] , [m∗pos [ 1 ] for pos in p o s i t i o n s ] , [m∗pos [ 2 ] for pos in p o s i t i o n s ]
rad =[2∗R for pos in p o s i t i o n s ]
x . append ( 0 ) ; y . append ( 0 ) ; z . append ( 0 ) ; rad . append ( 2 )
po in ts3d ( x , y , z , rad , sca l e_ fac to r =1 , r e s o l u t i o n =100 , t ransparen t=True )
show ( )

V. Lecomte (LPMA - Paris) Python & Physics teaching 29/08/2011 14 / 14


	Introduction
	An example
	The 13 spheres problem


